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1 HcxoflHtie cooTHomeHHH h nocxanoBKa sa^anH ^ 

2 MnoacecTBO OTHOCHxejitHBix paBHOBecHH ^ 

3 ^HarpaMMBi CMeiijia [€i 

4 IIoKaaaxejiH Mopca h HaoaneprexHHecKHe MHorooSpasHH 

5 ThBIjI H yCXOHHHBOCXB OXHOCHXejIBHBIX paBHOBBCHH [44 

6 Pas^ejieHHe nepeMenHtix h /i,HCKpHMHHaHXHBie noBepxHOCxH [44 

7 KpHXHHecKoe MHoacecxBO h xHnti KpHXHaecKHx xoaeK [44 

8 IIpHMepBi HSoaneprexHHecKHx ^HarpaiviM h rpyGaa xonojioxHH [^ 

9 BjiaroflapnocxH [^ 


1 Mcxo^Hbie cooTHomeHHH h nocTanoBKa sa^ann 

Koajire6pa go = e(3)* peajiHsyexca xax M®(]V[, ct) co cko6koh IlyaccoHa 

{iWjjQj} — ^ijkOiki {olijO'j} — O' (I'l) 

CooxBexcxByiomHe ypaBHenna PaMHjiBXOHa 

x = {H,x}, (1.2) 

B KoxopBix H - sa/iaHHaa (JjyHKpna ox M, a (raMHaBXOHHan), sanacaHHBie b nepeivieHHbix Mi, aj, 
HasbiBaioxca ypaBHeHHaiviH BHaepa-IlyaccoHa. SaiviexHM, axo HMenno xaKolt nopa^oK apryMen- 
xoB B CKoOxe o Heo6xo/i,HM flaa coBnafleHaa snaKOB c KaaccHaecKHMH anaaoraMH. 

CKo6Ka dEU) o6aa;];aex /];ByMa (JjyHKpnaMH KasHMHpa 

L =-M • a, r = (1-3) 

Tohkoh o6o3HaaeHO CKaaapHoe npoHaBeflenae b KoacJjcJjHpHeHX b L BBe.i],eH no xpa^npHn, 
caoJKHBmeHca b sa/iaaax ^HHaMHKn XBep/ioro xeaa c KOHcJinrypapHen xnna KoBaaescKOH. 

Ha coBMecxHOM ypoBne 

Vl, = {L = i,T = a^} 

CKo6Ka a HeBMpo::^^eHa h orpaHKHenne cHCTeMbi cxanoBHXca raMHabxonoBon CHCxeivioli 

c flByMa cxenenaMH CBo6o/];bi. Hnor^^a naM 6y/i,ex canxaxb (JjaaoBbiM npocxpancxBOM 

CHCxeMbi (II. 2p naxHMepnoe MHorooOpasne = M^(M)x£'^(a), aaflannoe o/i,hhm ypaBnenneM 

OL^ = (a > 0), 

H roBopnxb o6 o/inonapaMexpHaecKOM (napaMexp ^ G M) ceMencxBe chcxom na Hocae^nee 
cooxHomenne b iviexannKe nasbiBaiox reoMexpnnecKHM nnxerpaaoM, onpe/ieaennyio hm ccj^epy - 
ccjjepoH Hyaccona. OynKpnio L a nopoacflennoe en cooxHomenne L = £ nasbiBaexca HHxerpaaoM 
naoni,a/],eH. 

B pa6oxe |45| flaa cncxeMbi (II.2p HaH/];eHO oflHOBpeMenHoe oOoGmenne HHxerpnpyeMoro rn- 
pocxaxa KoBaaeBCKofi |46| n HHxerpnpyeMoii cncxeMbi CoKoaoBa flaa ypaBnennli Knpxrocjia m- 
3tot cjiynaH ecTecTBenno nasBiBaTB rnpocTaTOM KoBajieBCKOH - CoKOJiOBa. B HacTonmeH cTaxBe 
MBi paccMOTpHM sa^aHy c raMHjiBTOHHanoM 

H = ^(A^i + + 2M|) + £i{azM2 - 0 : 2 ^ 3 ) - eoai- (1-4) 
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Ho cpaBHeHHK) c o 6 mHM raMHjibTOHHanoM pa 6 oTbi |45| sflecb OTcyTCTByeT jiHHeiiHoe cjiaraeMoe 
BHfla AM 3 , KOTopoe xapaKTepHO fljia sa^an o flBHJKeHHH rnpocTaTa. HoBTOMy cooTBeTCXByiomyio 
CHCxeMy 6 yfleM nasbiBaxb HHxerpnpyeMbiM bojihkom KoBajieBCKOH - CoKOJiOBa. Sa/iana xapaxxe- 
pnayexca xpeivia napaiviexpaMH, Koxopbie mojkho nasBaxb (JjHSHHecKHMH. 3xo - a, £q,£\. SaMexHM, 
Hxo B cjiynae o 6 ii];ero nojioJKeHHS (aeo^i 7^ 0) 3xa xpoHKa H36bixoHHa. BBe^eHHeM no/];xoflHmHX 
eflHHHD; HSMepeHHH MOJKHO flBa napaMexpa h 3 xpex cflejiaxb paBHbiMH eflHHHpe (xpoMe napbi 
£o,£i, B KoxopoH oxHoraeHHe ei/eo HBjiHexca cymecxBenHbiM). OflHaKo mbi noxa coxpaHHM Bce 
xpH napaMexpa, nxo /],aex B03MOJKHocxb npeflejibHbix nepexoflOB ei ^ 0 (KjiaccnnecKHH cjiy- 
nan KoBajieBCKon), Sq 0 (cjiynan CoKOJiOBa ypaBHennii KnpxrocJja |15| n, npn BBe^ennH 
7 ];onojiHHxejibHoro napaMexpa b CKo 6 Ky Hyaccona, cjiynaii BopncoBa-MaMaeBa-CoKOJiOBa na 
so(4) | 6 ]) c ccxpanenneM nponsBOJibnoro a > 0. B cbh3h c najiHnneM xaxnx nepexo^^OB raMHjib- 
xonnan ()1.4p nnor^a naabiBaiox /i;e4)opMaii;HeH cjiynaa KoBajieBCKon (cm., nanpnMcp, pa 6 oxy [7], 
r/];e c xonKH spenna 6 HraMHjibxonoBocxH oGcyjKflaroxcn paBJinnnbie o 6 o 6 n];eHHH cjiynan KoBa- 
jieBCKon). OxMexHM xaKJxe, nxo oneBn^nbiMH KOM 6 HHaii;HHMH oxpajKenHH b npocxpancxBe n 
HHBepcHH BpeMenn mojkho flo 6 HXbca Bbinojinenna nepaBencxB 

eo >0, £i> 0. 


Tax, noBopox no.i],BHJxnoH cncxeMbi oxcnexa na vr Boxpyr xpexbeit och Mennex 06a snaxa £q,£\, 
a aaMena (Mi, 02, 03, i) — )• (—Mi, —a 2 , — cts, —t) paBHocnjibna aaMene snaxa xojibxo y £ 1 . 

riepBbiH HHxerpaji, HanflennbiH b |45| . flonojinnxejibHbin x F, L, M n o6ecnenHBaion;HH nnxe- 
rpnpyeMocxb cncxeMbi ()1.2I) (cooxBcxcxBcnno, jmyBHjijicBy nojinyio nnxerpnpycMocxb ccMCHCXBa 
raMHjibxoHOBbix CHCXCM na mojxho sanncaxb b bh/ic 


K = 


+ 


— (Ml — M|) + ei(a 2 M 3 — a^M2) — ei(ai + oi^ + a^) + £oOii 

1 f 

—AfiM2 + ei(a 3 Mi — aiMs) + £90^2 


+ 


B McxaHHxe 6ojibnioe BBHManHC yflcjiaexcH nccjicflOBanmo oco6bix flBHJXCHHH MexannnecxHX 
CHCXCM (b xom nncjie h HHxerpnpycMbix), nx anajinxHnecxoMy onncannio h HsyncHHio xapax- 
xepa ycxoiinHBOcxH. Kojihhccxbo xjiaccnnecxHX pa6ox no axon xcMaxHxe BccbMa bcjihxo. B 
nocjicflnee BpcMH Bonpocbi 06 ycxoHHHBOcxn xaxHX flBHJxennH CBH 3 biBaioxcH c xonojicrnen co- 
oxBcxcxByiomHX HHxerpnpycMbix chcxcm, oxo6pajxenHeM MOMcnxa n 6 H 4 )ypxaLi;HonnbiMH flna- 
xpaMMaMH, oxpajxaiomHMH bcc ocoGcnnocxn cjicennii (JiaBOBoro npocxpancxBa (cm., nanpHMcp, 
pa6oxbi maniEni). B .ii,nnaMHxe XBcpfloro xcjia oco6oe mccxo BanHMaex xjiacc /i,BHJxenHH, naBbi- 
BacMbix paBnoMcpnbiMn BpameHHHMH, b xoxopbix Bcxxop yrjioBoli cxopocxH xcjia nocxoanen b 
noT^BHJXHOH H nenoflBHJxnoH cncxcMax oxcnexa. C xonxH BpcHHH chcxcmbi ypaBHCHHit Bnjiepa- 
Byaccona sxn flBHJxenHH hbjihioxch nenoflBHJxnbiMH xonxaMH, noaxoMy onn xaxjxe naabiBaioxcH 
OXHOCnXCJIbnblMH paBHOBCCHHMH. ycXOHHHBOCXb OXHOCHXCJIbHblX paBnOBCCHH B BnanHxcjibnoH 
Mcpe onpe/icjiHcxcH coGcxbchhbimh nncjiaMH Maxpnpbi npaBon nacxH jinneapHBOBannbix ypaB- 
HCHHH flJIH CHCXCMBI 0 . B HHxerpHpycMOH chcxcmc bxh coGcxBcnnbie nncjia onpcflcjiaiox xax 
naBbiBacMbiH xhh xpHXHHCcxoli xonxH | 3 ], cooxBcxcxByiomeH oxnocHxcjibnoMy paBnoBCCHio. 

C flpyroii cxoponbi, b xonojicrnnecxoM anajiHBC HHxerpHpycMOH chcxcmbi cxpoaxcn xonojio- 
rnnecxHC HHBapHanxbi (mchchbic MOJiexyjibi Oomchxo - IJ,HniaHra [18]) na HBOBneprexHHCcxHX 
MHoroo6pa3HHX Qf/j = {H = h} chcxcm na Ohceh^ho, bxh MHoroo6pa3HH aaBHcax 

xaxjxe H ox a, ho axy aaBHCHMOcxb hbho hc nnincM. Ha cooxBcxcxByiomHC mcxxh oxaabiBaex 
BjiHHHHC caMa xoHOJioxHH MHoroo6pa3HH Qifi- HoaxoMy BajxHbiM axanoM xonojioxHnecxoro ana- 
jiH3a HBjiHcxcH xjiaccH4)Hxan,Ha HBoaneprexHnecxHX MHoroo6pa3HH. CooxBexcxByioni,HH MaxcMa- 
XHnecxHH annapax paapaGoxan Cmchjiom m- OxaabiBaexca, nxo nepecxpofixH xonojiOFHnecxoro 
XHna Qii^ npoHcxoflHX npn nepecencHHH anancHHii napaMcxpoB, oxBenaioni,HM oxhochxcjibhbim 
paBHOBCCHHM, a BHfl ncpccxpoHXH onpcflcjicH HHflcxcoM Mopca orpaHHncHHa (JayHxpHH H na 
B xonxax oxhochxcjibhbix pasHOBCCHH. Hpn (JaHXCHpoBannbix (JaHBHHCcxHX napaMcxpax, mhojxc- 
cxBO pa37];ejiHioin,HX SHancHHH /i,jih xonojiOFHnecxoro xnna /j b hjiocxocxh {£, h) nasbiBaiox 
/IHaFpaMMoii CMCHjia. 
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HnjKe nojiyneHO nojiHoe anajiMTHHecKoe onncaHHe Bcex OTHOCHTejibHbix pasHOBecHii bojih- 
Ka KoBajieBCKOH - CoKOJIOBa, BBIHHCJieHBI THnBI OTHOCHTejIBHBIX paBHOBeCHH H yCXaHOBJieH xa- 
paKTep Hx ycTOHHHBocTH. IlepeHHCjieHBi BHflbi flHarpaMM CMeftjia, BbiHHCJieHBi HHfleKCbi Mopca 
npHBe/],eHHOH aneprHH h ycTaHOBjiena TonojiorHH HBoanepreTHHecKHX ypoBHeft. 

B Ii;ejIOM MHOJKeCTBO KpHTHHeCKHX TOHCK OTo6paJKeHHH MOMeHTa paCCMaTpHBaeMOil CHCTe- 
Mbi nojiyneHO Kax oGxeflHHeHHe Hexbipex KpHTHHecKHX noflCHCxeM. IlocKOJibKy, xax OTMenajiccb, 
(jaasoBoe npocxpancTBO CHCxeMbi b pejiOM paccjioeHO na CHMnjieKXHHecKHe jihcxbi - nexbipexMep- 
Hbie (JjasoBbie npocxpancxBa npHBe/];eHHbix CHCxeM, KpHXHHecKHe no^CHCxeMbi xaKJxe npe^cxaB- 
jiarox C060H o6x)eflHHeHHJi o^HonapaMexpHHecKHx ceMeftcxB (a cJjHKCHpoBaHo, I nponsBOJibHo) 
flByMepHbix 4)a30Bbix npocxpancxB HHflypHpoBaHHbix hohxh raMHjibxoHOBbix CHCxeM c oflHolt 
cxeneHbK) CBo6oflbi. KajKfloe h3 bxhx npocxpancxB HMeex noflMHOJKecxBO Kopa3MepHocxH 1, na 
KoxopoM BbipojKflaexca cJjopMa, HH/i,yii;HpoBaHHaH hcxo^hoh CHMnjieKXHHecKoft cxpyKxypoit. Ho- 
jiynenbi ycjioBHH BbipoJK^eHHH b bh^b paBencxBa nyjiio neKoxoporo HacxHoro HHxerpajia. 5 Ibho 
B biHHCJien XHn KpnxHHecKHX xonex panra 1. B hbcxhocxh, b xepMHHax KOHCxanx HHxerpajioB 
BbinHCaHbl ypaBHeHHH MHOJXeCXB BbipOJK/^eHHblX KpHXHHeCKHX XOHeK. 

IlojiyHeHHaH HHcJjopMapHH, BMecxe c pesyjibxaxaMH naiMi no 4 )a 30 B 0 H xonojioxHH 0606- 
ni,eHHoro ^ByxnojieBoro rnpocxaxa CoKOJiOBa-Ll,biraHOBa | 16 ) . flaex bobmojkhocxb nocxponxb 
GncJjypKapHOHHbie /inarpaMMbi oxo6pa>KeHHH MOMenxa, ocnan^eHHbie o 6 o 3 HaneHHHMH 6 H 4 )ypKa- 
pHH H yKasanneM KOJinnecxBa peryjiapnbix xopoB JlnyBHjiJiH, nxo n onpeflejiaex rpyGyio xono- 
jiornio CHCxeMbi. SnanHe rpy6oH xonojioxHH b pejiOM noBBOjinex aaBepniHXb h nojinoe onncanne 
oxHOCHxejibHbix paBHOBecHH yKaaaHHeM xonojiornnecKoii cxpyxxypbi hx Hacbini;eHHOH nexbipex- 
Mepnoii OKpecxHocxH b (JjaaoBOM npocxpancxBe npHBeflennoH CHCxeMbi b xex cjiynaax, Kor/ia no 
anajiHXHnecKH HaH/i,eHHOMy xnny xohkh axa cxpyxxypa ne ycxanaBjiHBaexcH oflnosHanno. 

2 MHo:acecTBO OTHOCHTejibHbix paBHOBecHH 

^jiH flajibneiimero y/i,o6HO ncnojibsoBaxb napa/iy c MomenxaMH n KOMnonenxbi yrjiOBolt CKopocxH 

= dHjdm-. 

Ml M2 

LUi = —^, UJ2 = — —heiccs, ws = M3 — eia2- 

IlepBbie HHxerpajibi npnMyx bh^ 

L = aiUJi + 02^2 + ~ 

H = ujf + ojI + — -£ 1(02 + 203 ) — £oai = h, 

K = [o;^ — UJ2 -h Sia 2 UJ 3 + (^o ~ £iai)ai] + 

+ [2wia;2 - £iaia;3 + (£0 - e?ai)a2]^ = A:. 

FaMHjibxoHOBO nojie, nopoJK/^ennoe nponoBOJibHon 4 )ynKn;HeH F c noMon^bio 3 a;];aHHOH cko6kh 
riyaccona, o6o3Hanaiox nepeo sgrad-F. Hoaxoiviy Bexxopnoe none, oxBenaK)n;ee cncxeMe o, 
ecxb sgradiF. B xoop^Hnaxax uji,aj nojiynaeM 

sgradiF = (^i(a;2 - £ia;3)(a;3 + £1^2), [(£0 - 2£?ai)a3 + (u;3 + £102)^1] , 

(£0 — £iai)a2 + £ia 3 a;i, 02^3 — 013102^ 013OJ1 — 0.1103,03102 — 02101 

HenoflBHJXHbie xonxH CHCxeMbi 3 Hjiepa-riyaccona onpeflejinroxca h 3 ycjiOBHH sgradM = 0 . 
B nacxHocxH, cyn];ecxByex cxanapnaa xoncxanxa II, xaxan, nxo 

u = Hq. (2.2) 

OcxanniHecH ycjiOBHH oxnocHxejibnoro pannoBecHH flaiox 

{VL02 — £ia 3 )(na 3 + £ia2) = 0 , ( 2 - 3 ) 

£ifloi02 + [£o + — ‘^£i)oi]o3 = 0 , (£0 — £fQ:i)a2 + £iIlQ;ia 3 = 0 . ( 2 - 4 ) 
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flajibHeHraero npHivieivi cjie/i,yiomyio TOHKy speHHH. HenyjieBbie napaivieTpbi EQ)® b co- 
BOKynnocTH xapaKxepHsyiOT BsaHMOfleftcTBHe BOJiHKa c noTenpHajibHbiM chjiobbim nojieM. By- 
fleM cHHxaTb Hx Bbi6paHHbiMH H (JjHKCHpoBaHHbiMH. Kjiaccnc|)iin;iipyion];nM pasjiHHHbie cHcxeMbi 
6yfleM CHHxaxb napaMexp Ei, xapaKxepnayiomHH rnpocKonnHecKHe chjibi h o6ecneHHBaion];nii 
flecJjopMapHK) 3a/i,aHH KoBajieBCKoft. PaajiHxne CHCxeM 6yflex yfloGno onpe/],ejiaxb no Bejinnnne 
ef. BBe;];eM o6o3HaneHHH fljia snanennH axoii BejinnHHbi, Koxopbie 6yflyx b pasnbix CHxyapnnx 
cjiyjKHXb pa3/],ejiaion;HMH: 

Ci = ^, C2 = -, C3 = (5 + 3^3)^. (2.5) 

2a a a 

OnnmeM oxnocHxejibHbie paBHOBecnn b xepMnnax Bexxopa a n BejinnHHbi 0 c ynexoM pa- 
BencxBa (1^ . 

IIpeflJioxceHHe 1. (i) OmHocumeAbHue paenoeecun eoAUKa KoeaJieecKou - CoKOAoea o6pa3yH)m 
CAedymipue ceMeucmea: 


^1,2 • = ±a, 


0-2 — 0 , 


as = 0, 


^3 : ai = 


eo 


£0 


^4 • a 3 o 9 ’ 


2 e\' 


012 = 


ei 


el-Q? 

02 = 


Rsi^), 0:3 — 


n 


as = ^i 24 ( 0 ), 


Rsi^), 


( 2 . 6 ) 


ade 


Riin) = 


,2(^2 


e\ - $2^)2 - e, 


£2 + 02 


0, ^ ^ 


Aeia^ — ei 


£2 + 522 


(ii) B ceMeucmeax 61,62 eeAununa 52 npouseoAma. CeMeucmeo 63 cocmoum U3 deyx nodce- 

Meucme 6 '^ BaaQ’^ E [£f+(^ 2 )+oo) ^3 BaaQ’^ E [O+f —^ 2 ]- Repeoe noBceMeucmeo cyui,ecmeyem 

npu ecex 3 HaHeHUAX c^u 3 UHecKux napaMcmpoe, emopoe - moA'bKO npu ycAoeuu ef > ( 2 - CeMeu¬ 
cmeo 64 cyupecmeyem moAUKO npu ycAoeuu > (^i, u e hcm eeAUHUua 52 npou3eoAbHa. 

(iii) Upu (puKcupoeaHHUx (fiu3UHecKux napuMempax, manux, umo ^ Ci u e\ ^ (^ 2 , Bony- 
cmuMOMy 3 HaHeHum 52 omeeuaem no oBhou moune ccMeucme 64,62 u no Bee mouKU ccMeucme 
63 , 64 . 


OxMexHM, nxo npn paaencxae ef = (("i Bce ceMeiicxBO 64 cjiHBaexcn c 5i, a rpannnHbiH cjiynan 
sf = C 2 npHBo.i];Hx K e.n,HHcxBeHHOH xonxe b 6 'f, Koxopan npHHa.i];jie9KHx (5i (ananenne 52 = 0). 

^jiH flOKasaxejibcxBa npe/];jio9KeHHH flocxaxonno 3aMexHXb, nxo ypaBHennH ()2.4p o6pa3yK)x 
jinnennyio oflHopoflnyio cncxeiviy no 02 , 03 . HyjieBoe pemenne ;];aex ceMeiicxBa 64 , 62 , a fljia neny- 
jieBbix pemeHHH panencxBO nyjno nepBoro hjih Bxoporo coMHOxcHxejia b (12.3p npHBO.z];HX, coox- 
BexcxBenno, k ceMencxBaivi (53,(54. 

BbinncjiHM onanenna nepBbix nnxerpajiOB b xonxax nanflennbix ceMencxB. IlojiynHM 


(5i : /i = —£o(2 + 0^52^, £ = 0^52, A; = a^[£o — a(£4 — 52^)]2, 

62 : h= £oa + a^52^, i = a^Ct, A; = a^[£o + a(£4 — 52^)]2, 

, £2(£2 -35^2)^ ^2(^2 _ ^2)3 ^[,2 ^ ^2(^2 _ ^2)2] 

2(£2 - 522 ) 2 ’ 2(£2 - 522 ) 2 ’ 

64 : h = -^-efa‘^ + a^n^, i = a^n. A: = — ^'i-^-2o2+ 

4 £f 


16£f 


(£2 + 4 £ 2a2522 )^ 


H 3 npe/];jio9KeHHa[T]H Bbipaxcennii nepBbix nnxerpajiOB naxo^HM KOjinnecxBO oxnocnxejibnbix 
paBnoBecHH b npoo6pa3ax. 


npe/i,Jio:»<;eHHe 2. B npooBpaee mouKU U3 npocmpaucmea KOHcmanm nepeux unmeepaAoe, om- 
eeuamu^eu CAyuam uaAUHUA omnocumeAbHozo paenoeecuA, UMeemcA no oBnoMy omnocumeAb- 
HOMy paenoeecuH) Baa ccMeucme (5i, 62 u no Bea - Baa ccMeucme 63 , 64 . 
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3 /],HarpaMMt>i CMefiJia 


B pa6oTe m CMeHji nocTasHji Bonpoc o CTpyKType 6nc|)ypKaii;noHHbix ^narpaMM aneprHH- 
MOMeHTa B CHCxeMax c CHMMeTpHelt H peniHji ero /];jia HaxypajibHBix MexaHHHecKHX CHCxeM: 
6H4)ypKaLi,HOHHaH flHarpaMMa oxoGpaxceHHH 

LxH : TM 


(M - KOHcJ^HrypapHOHHoe npocxpancxBo) cocxohx h 3 nap {i,h), b Koxopbix h - KpnxnnecKoe 
ananenne xax nasbiBaeMoro acJjcjaeKXHBHoro noxeni^najia - aaBHCHn^eii ox Koncxanxbi £ nnxe- 
rpajia MOMenxa L (JjynKpnH Ha KOHcjanrypapHOHnoM npocxpancxBe M npocJjaKxopHSOBaHHoii 
CHCxeMbi. /],ajiee flnarpaMMbi T^lh nasbiBaeM flnarpaMMaMH CMeftjia. 

B pa6oxe |2lj| cxeMa CMenjia 6bijia pacnpocxpanena na MexaHnnecKne cncxeMbi c rnpocKO- 
nnnecKHMH cnjiaiviH. K xaKHM cncxeiviaM oxnocHxca aa/iana o flBHJKennH XBep/ioro xejia c neno- 
flBHJKHOH XOHKOH (KOHcJjHXypapHOHHOe npOCXpaHCXBO M = 50(3)) C raMHJIbXOHHanOM (|1.4I) . 
IlpocJjaKxopHSOBaHHaH CHCxeivia - oxo HH/iypHpoBaHHaa cncxeMa na = {(M, o:)}, xax nxo 
M = S‘^{a) - 3X0 ccjjepa IlyaccoHa. 34)4)eKXHBHbiH noxenpHaji na ccjiepe sa^an b 3xom cjiynae 


cjjopiviyjioH 


Vi{a) — —eo®i ~ 2^ii^2 + ‘^^ 3 ) + 


{ 2 i + eia2a3)^ 

2[2iai+al) + air 


(3.1) 


IlocKOJibKy KpHxnnecKHe xohkh oxoGpajKenna LxH - 3 x 0 b xohhocxh oxnocnxejibHbie pasnoBe- 
CHH, xo KpHxnnecKHe xohkh Vi onncbiBaioxca npe/],JioJKeHHeM [1] npn aa/ianHOM i nyjKHO Bbi6paxb 
H B cooxBexcxBHH c (12.21) xaK, nxo L{Lla, a) = i, xo ecxb nojiojKHXb 


_ 21 + £ 1020:3 

2 ( 0 ^ + a|) + o| 

06pa3bi ceMencxB oxnocHxejibHbix paBHOBecnn b njiocKocxn (£, h) o6pa3yiox KpnBbie, cJjopMH- 
pyK)n],He flnarpaMMbi CMelijia. ^onycKaa neKoxopyio BOJibnocxb, 6y/],eM 3xh KpnBbie oGoananaxb 
xaK JKe, KaK n caivin ceMencxsa: 


<5l : 

h = 

—EqO + 




<52 : 

h = 

£oa + 




X' X" ■ 

h 


- + a^el - ny 

0[£2+a2(£2-02)2] 

(3.2) 

"35 "3 • 

1 L 


2 {el - 02)2 

2(£2 - 02)2 


,54 : 

h = 

4 

4£f 

+ a^O^, £ = a^O. 




HanoMHHM o6o3HaneHHH (|2.5p . 


ripe^jioxceHHe 3. B CAyuae KoeaneecKou - CoKOAoea cytyecmeyem uemupe euda duaapaMM 
CMeuAa, ycmouHueux omnocumeAbHO MaAux eo3Myiu,eHuu napaMempoe. PasdeAfimiyuMU sna- 
ueHUAMU napaMempoe CAyotcam e\ = C,i (i = 1,2,3). 

^OKaaaxejibcxBO cjie;];yex na cbohcxb KpnBbix 6j n nx BaanMHbix nepecenennii. IlepenHCjiHM 
Heo6xo/i,HMbie cjaaKXbi. 

Hexpy^no BH/];exb, nxo 5i, ^2 h (^4 - 3 x 0 KonrpyanxHbie napa6ojibi 

e 

5i h = Ci-\ — 7), £ G M, (3-3) 


npnneM 


A„2 


C 4 = 


Eq + 4£ja 

4^ 


< Cl — “Cq® < C2 — £oO. 


IlepBoe nepaBencxBO Bbinojineno, ecxecxBenno, b o6jiacxH napaMexpoB ef > (i, r/ie KpnBaa 84 
cymecxByex. 
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/],HarpaMMbi CMeiijia, OHeBHflHO, CHMMexpHHHbi oxHOCHTejibHO och ^ = 0 , noaxoMy Bce 
Henmne paccyjK;];eHHH npHBOflHM ^ ^ 0 , ne oroBapHBaa axo oco 6 o. 

KpHBaa 53 He HMeex npocxoft hbhoh aaBHCHMOcxH. OxMexHM, hxo ee anajior b KjiaccHnecKOM 
cjiynae KoBajieBCKOH (ei = 0 ) mojkho aanncaxb b BH^e 


^ 27£l 


xaK HXO Ha 


a Ha i- 


h € 


h e 


Eociy/S, 2 £qcl 


EoaVs, + 00 ^ 


a^) ± {h^ - 3 eyf/^ 

£^ e 

433 

3^eoa ,eoa 

£ 

'4 3 ^ 


CexMeHx coe^HHHex xoHKy BosBpaxa C kphboh 5'^ 


4 

3^3 

C XOHKOit Ti KacaHHH KpHBbIX 6'^ H 62 

Ti : £ = ay/£oa, h = 2eoa- 

IIpH axoM BCH KpHBaa 6'^ HaxoflHXCH cxporo Bbime kphboh 5 i, kphbbix 53,54 He cymecxByex. 
CooxBexcxByiomaH flnarpaMMa noKaaana na pHC.[T]a, /lonojiHHxejibHbie o 6 o 3 HaHeHHH 6 y/];yx o 6 x>- 
HCHeHbl HOSJKe. 

riycxb £i > 0. 

JleMMa 1 . B noAynAOCKOcmu i > 0 Kpuean 6'^ UMeem c npueou 62 poeno odny monny Kacanun 
Ti u poeno odny mouKy nepeceuenun Ii. Kpuean 6'^ UMeem eduHcmeennyK) mouKy eosepama C. 

/^OKaeameAbcmeo. SanHCbiBaa ycjiOBHe nepeceneHna kphboh 53 c napaGojioii 62 b hbhoh (JjopMe 
() 3 . 3 p H BbiHOJiHaa no/icxaHOBKy na 53 

= el + C2 + V, V > 0 , ( 3 . 4 ) 




HOJiyHHM ypaBHOHHe 

v^Pi{v) = 0 , 
r^e 

Pi{v) = — (ela — £o)a‘^v‘^ — 2eo(2eia + eo)av — 2£l{2ela + eo)- 

KpaxHbiii KopeHb v = 0 oxBenaex xoHKe Kacanna b nanaae npoMeJKyxKa HSMeneHHa Koop.i],H- 
Haxbi Koxopoii BbiHHcaaioxca xaK: 


Ti : 



h = (2eo + £\a)a. 


MHoroHaeH Pi{v), o 6 jia/i,aa CBoiicxBaMH Pi{0) < 0 , i^{( 0 ) < 0 , Pi(+oo) = +00, HMeex poB- 
Ho o/iHH HoaoJKHxeabHbiH, H npHXOM npocxoft, KopeHb, oxBeHaion],HH xoHKe xpaHCBepcaabHoro 
nepeceHeHHH 53 h 52 , oGosHaaeHHOH aepea Ii. 

JXjih HaxoJKflCHHa xoaeK Bosspaxa sannmeM na 53 CHCxeMy 


dnh = 0, dni = 0. 


IIoayHHM o/];ho ypaBHenne, Koxopoe b noflcxanoBKe npHMex BH/i; P 2 {v) = 0 , r/ie 

P2{v) = + Seoo^v'^ — 2£Q{2£la + eo)- 

OHeBH.i],HO, H axox MHoroHjieH Ha noaynpaMOH > 0 HMeex e.i];HHCXBeHHbiH h npocxoft Kopenb, 
onpe.i];eaaK)mHft xoHKy BOSBpaxa C. □ 
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Otmcthm saBHCHMOCTH MejKfly ei H ri (flJia ceMeflcTBa ^3) b TOHKax I\ a C, BbiTeKaiomHe hs 
ypaBHeHHH Pi{v) = 0 n P 2 {v) = 0: 


h : 
C : 


4 = 


{av + £Q){of‘v^ - 265) 


a{av + 26 o)^ 


2 _ + ?>£Qa V — 2 £q 

= 


f = — (63 + —) ^ 0 . 


(3.5) 


4a6Q 


^jiH TOHKH Ji, npHHafljiejKamelt TaKJKe o 6 pa 3 y ceMeltcTBa 62, SHaneHHe 12 b (52 Sy^eT flpyrHM. 

B KanecTBeKHOM njiane /inarpaMMa CivieHjia, nocTpoennaH fljiH Majibix ei, coxpaHHXCH npn 
yBejiHHeHHH 61 /],o SHaHenna 63 = Cl) nocjie Koxoporo noHBjiaexca KpHBaa 5 ^ (pHC.[T]6), jieacamaa 
cxporo HHJKe Bcex npe/],bi/];ymHX KpHBbix. 

^ajibHeftmaa SBOJiiopHa flaarpaMMbi CMeiiaa CBasana c noHBjieHHeM cexMenxa b momckx 
6^ = C2- Hpa 3XOM SHaaeHHH ei MHOJKecxBO cocxohx h 3 e/];HHCXBeHHOH xohkh Ha och i = Q, 
npHHa.i];aejKameH (5i. 

JleMMa 2 . IIpu 63 > C2 e nonyriAOCKOcmu £ > 0 Kpuean Jg UMeem c npueou ( 5 i poeno odny 
moHKy KacanuH T2 u ne UMeem c neu moueK nepeceneHUR. 

8 





















/^OKaaameAbcmeo. OHeBHflHO, hto npn tbkhx SHaneHHHX napaMeTpoB KpHBaa 5'^ HaHHHaeTca 
npH = 0 Ha ocH i = 0 HHJKe KpHBoft 5i. ycjioBHe nepeceneHHH KpHBoii 6'^ c napaGojioii (5i, 
sanHcaHHOH b hbhoh (Jjopivie f|3.3 D . b no;],CTaHOBKe 

= ef — C 2 — u, u > 0 (3-6) 


flaeT ypaBHeHHe u^P'i{u) = 0, r/],e 

Pziu) = + {e\a + eQ)a^u^ + 2eo(2eiO — £Q)au + 2eQ(2e^a — eo). 


KpaTHBiii KopeHb u = 0 OTBenaeT Tonxe KacaHHH b Konpe npoMejKyxKa HSMeHenna O, KoopflH- 
HaTBI KOTOpoii BBIHHCJI5HOTCH TBK: 


T 2 : 



h = (efa — 2eo)a- 


MnoroHjieH Psiu) npn sf > Q 2 nojioJKHxejibHBix KopneH He HMeex. □ 

JlexKO npoBepHXb, hxo ^3 He HMeex o 6 ni,HX xonex c ^pyxHMH kphbmmh b cocxaBe /inarpaMMbi 
CMeftjia. OxMexHM eHi,e, hxo b/iojib och 0^ xoHKa T 2 Bcer/],a jibjkhx jieBee xohkh Ti (pnc. (TJc). 

IloHBjieHHe HOBoro (h HocjieflHero) pasflejiaioH^ero BHaneHHH e\ = Cs CBHsaHO c boshhkho- 
BeHHeM nepeceHeHHH KpHBbix 53 h b xox MOMeHX, Kor^a na (5i nona/];aex xoHKa Bosspaxa C 
KpHBOil 6'^. 

JleMMa 3. B noAynAocKocmu i > 0 Kpueue 6 '^ u (^1 ne uMemm o 6 iu,ux mouen npu s'f < (^3 u 
UMetom poeno dee mouKU nepeceueHun npu £3 > Cs ■ 

/^oKaeameAbcmeo. YcHOBHe nepeceneHHH 5'^ c napa6ojioH b no/i,cxaHOBKe (m /i,aeT, nocjie 
coKpameHHH Ha HeHyjieBtie coMHOHCHTejiH, ypaBHenne 


— (efa — 5eo)a‘^v‘^ + Ge^av + 2e^ = 0. (3.7) 

Hs Hero BbipasHM ef khk cJjyHKpHio v. IlpH v > 0 oxa cJjyHKpHH HMeex e/iHHCXBeHHbifi OKCxpeMyM, 
a HMeHHO, MHHHMyM B XOHKe 

^; = (1 + V3)^, 

a 

H xorfla H 3 ( 13 . 7 D nojiyHHM SHaneHne 63 = Cs- D 

^Be XOHKH nepeceHeHHH 5'^ c ^3 o6o3HaHHM nepes I 2 , Is- AnajiorHHHo (13. 5p oxmcxhm .i],jih sxhx 
xoHeK saBHCHMOcxb MejKfly £3 H 0, HOJiyHeHHyio h 3 (|3.7K : 

2 _ + 2^0 _ r.2 3 2 , ^0 3 /q o', 

l 2 , 3 - £1 - , V-il -(£3 + —). 

Sflecb sHaHCHHe bshxo b xoHKax ceMencxBa 53 , a b ceMencxBe ^3 fljiH xex xce xoneK Ii,l 2 oho 
6yflex .z];pyrHM. 

/],HarpaMMa CMefijia fljiH cjiynaH £3 > ^3 noKasana na pnc. [T|d. 


4 noKasaxejiH Mopca h HsosnepreTHHecKHe MHoroo 6 pa 3 HH 

Ilycxb Hi ecxb orpaHKHenne (JjyHKpHH H na nexbipexMepHoe CHMHjieKXHHecKoe MHoroo6pa3He 
- 4)a30Boe npocxpaHCXBO npHBe.i],eHHOH CHCxeMbi. HooaneprexHHecKHe MHoroo6pa3HH - 
3X0 ypOBHH (JjyHKpHH Hi, a OXHOCHXejIbHbie paBHOBeCHH Ha - 3XO KpHXHHeCKHe XOHKH Hi- 

IloBXOMy fljiH KjiaccHcJjHKapHH H303HeprexHHecKHX MHoroo6pa3HH HyjKHO HaiixH HH/];eKC Mopca 
(JjyHKpHH Hi B XOHKaX CeMeHCXB OXHOCHXejIbHbIX paBHOBeCHH, OHHCaHHblX B npeflJIOJKeHHH [1] B 
CBOK) OHepe;];b, hh^bkc Mopca (JjyHKpHH Hi b xaKOH xoHKe paBen HH^eKcy Mopca acJjcJjeKXHBHoro 
noxenpHajia ()3.1D kbk (JjyHKpHH na c4>epe ^^(q:) b xoHKax (|2.6D . HH/i;eKC Mopca KaK KOJinne- 
cxBO oxpnpaxejibHbix coGcxbchhbix hhccji Bxoporo flH4K33epeHH,Hajia HHBapnaHxeH oxHOCHxejibHO 
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BbiGopa CHCTeM KOOpflHHaT. OflHaKO CaMH CoGcTBeHHbie HHCJia, KOTOpBie HHJKe KpaTKOCTH 

HasoBeM noKaaaTejiaiviH Mopca, KOHenno, HeHHBapnaHTHBi. Bojiee Toro, npn HcnojibsoBaHHH h 3 - 
6 biTOHHbix KoopflHHax cxpoBoro BbiHHCJieHHH noKasaxejieft Mopca HyjKHO BBO^HXb (JjyHKpHH 
c Heonpe^ejieHHbiMH mhojkhxcjihmh JlarpanjKa. 3 xoro mojkho nsGejKaxb, no/];o6paB no/i,xoflHmHM 
o 6 pa 30 M flHcJxJjepenpHajibHbiH onepaxop, 3 aMeHHioii],Hft Bxopoii flHcjscjjepeHpHaji. 

JleMMa 4 f|24|l. Uycrrib ^yuKyuM f onpedenena u du^c^epenyupyeMa e OKpecmHocmu c^epu 
S'^{a) = {cx^ = o^}. BeedeM du^^epeuynaAbHuu onepamop 

D = ax — . 

OOL 

Toeda KpumuuecKue mouKU ozpaHuueHUR /I 52 onpedeAsiwmcn ypaenenueM 

D/ = 0, 


a e Kauecmee noKasameAeu dnn onpedeAenusi undeKca Mopca momcho essmib Kopnu Keadpamnoeo 
ypaencHun 


1 


det (D^/ - pE) = 0. 


(4.1) 


OHeBH/];HO, Hxo KaKHe-jiHdo HSMeHenna cbohcxb oxHOCHxejibHbix paBHOBecHH BHyxpn ce- 
MCHCXB, o6x.e/];HHeHHbix B/];o6aBOK no bccm 3HaneHHHM 4)H3HnecKHX napaMexpoB, Moryx npo- 
Hcxo/iHXb jih6o npn xjiodajibHOM H3MeHeHHH ceMeftcxBa na paa^ejiaron^eM ananennH napaiviex- 
poB, jih6o npn nepecenennH xonKolt ceMeitcxBa oflnon h 3 oxMenennbix Bbime yajiOBbix xonex 
/];HarpaMMbi CMcnjia, KaKOBbiMH hbjihioxch Ti,T 2 ,C, Ii, I 2 , Is- Ho floroBopennocxH, (JjHKcnpy- 
CM npoH3BOjibHbie nojioJKHxejibHbie napaMcxpbi a, £q r paccMaxpHBacM npoH3BOJibHbie Bnanenna 
ffi > 0. B pacninpcHHOM npocxpancxBe M^(^, h,£i) o6pa3bi ceivieHcxB oxHocnxejibHbix paBHOBecnli 
3anojiHHX noBcpxHocxH (5j. KpnBbie, odpaaoBannbie MHOJKecxBaMH ysjioBbiMH xonex, paadnBaiox 
3XH noBepxHocxH na noflodjiacxn, b Koxopbix coxpanaioxcH CBoncxBa cooxBexcxByioni,HX oxhoch- 
xejibHbix paBHOBecHH. no.i],o6jiacxH 6y.i],eM cnadjKaxb BxopbiM hhaokcom, xax nxo ohh nojiynax 
o6o3HaneHHH RRjip. 5ij. 

IlocKOJibKy ne Bce noBcpxHocxH - o6pa3bi oxHocnxejibHbix paBHOBecHH 0/i,H03HanH0 npocK- 
xnpyioxcH na Koopflnnaxnbie njiocKocxn pacninpennoro npocxpancxBa, OKa3biBaexcH yflodnbiM 
H3o6pajKaxb hx na njiocKocxn (ei,!!), r;];e H - BejinnHHa, onpe;];ejiHiom,aH yrjioByio CKopocxb 
oxHOCHxejibHoro paBHOBCcna, h o/inoapeMenno napaMexp KpnBbix b aanncn ()3.2p . IlocKOJibKy 
Mbi ycjioBHjiHCb cnnxaxb Bce napaMexpbi n BejiHanny I neoxpnpaxejibHbiMH, xo Bce aaBHCHMOcxH 
MOJKHO aanncaxb nepea ef, . IlosxoMy b ^^ajibnenmeM mbi npHMeHaeM odoBHanenna 


C = e?, = 


(4.2) 


HcnoabsycMbie b xom nncjie n na naarocxpapnax. 

HanneM c ceivieHCXBa (5i. Ha naocKocxn paaflenaion^ne KpnBbie oxBeaaiox cjiynaaM 

C = Cl (npn 3XOM yBJiOBbiMH cxanoBaxca Bce xohkh 5i, xaK kbk h3 hhx po>K.i];aexca KpnBaa < 54 ), 
odpaay xohkh T2, Koxopaa oxBenaex Bnaaennio u = 0 B (IMI) H ^aex 


w^ = C-C2, 


H o6pa3y napbi xoneK I2,l3, Koxopbiii b cnay (13.8D aanninexca b napaMexpnnecKon cJiopMe 


c = 


(ffo + civ){2£Q + 4a£ov + a^v^) 


{2£q + 4:a£ov + 
2av^{£o + av) 




IH = 


1; > 0. 


(4.3) 


Sflecb VB = oxBenaex napaMexpy na (5i b sanncn O. TaKHM o6pa30M, BOBHHKaiox nexbipe 
xnna oxnocnxejibHbix paBHOBecnn b ceMencxBe (5i. Ha pnc. [21 a ohh odoBnanenbi nepea Jn — ^ 14 . 
Kopnn ypaBHenna (14.ip b no.i],cxaHOBKe xoneK h3 (|2.5I) HMeiox bh^zi;: 


pi = a(eo - p 2 = + a{£o - efa), 
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H / 




§11 

§12 

/ §14 



§13 


Q c, i; 

(a) 



(b) 


Phc. 2: PasGneHHe ceMelicTB (a) Si; (b) 62 


H SHaKH noKasaTejielt Mopca na TaKOBbi: (++) flJia 5ii; (—h) flJiH S12; (-) /IJia (Jis h 

fljia (^ 14 . Hhcjio MHHycoB ecTB HH^eKC Mopca (JjyHKpHH b cooTBeTCTByiom;eM OTHOCHxejibHOM 
paBHOBCCHH. 

PaccMOTpHM ceMeiicTBO < 52 . Ha hjicckocth (CjH^) pas^ejiHiomHe KpHBBie OTBenaioT o6pa3y 
TOHKH Ti, KOTopaH OTBCHacT SHaHCHHio ?; = 0 B (|3.4p H flaex 

W = a{eo + aC), (4.4) 

H o6pa3y xoHKH /i, KoxopbiH B cHjiy (|3.5I) sanHinexca b napaMexpHHecKoii cjjopMe 

_ (ep + av){a^v^ - 2gg) _ a(2gg + 2goa?; + /-gp 

a(2gp + a?;)^ ’ 2(go + av)(2go + at!)^ ’ ^ o 

3flecb VP = oxBCHaex napaiviexpy na 62 b aanncH (|3.2I) . KpoMe xoro, na njiocKocxH (<^,VP) 
HMeexcH npHMaa VP = Ci, cooxBexcxByioiii,aH SHaHCHHio napaivrexpa H kphboh 62 



Koxopoe nopojK.i],aex na <52 y Bcex flHarpaMM CMelijia (cm. pnc. [T]) xoHKy 

< = (4.6) 

06 3 XOH xoHKc HHJKc 6 y/],ex cKasaHo oco 6 o npH bbihhcjichhii xiinoB. HoflHcpKHeM, hxo (| 4 . 5 p ne 
HMcex oxHomcHHa k paaflcjiaiomeMy BHaacHHio C = Cl- 

TaKHM o 6 pa 30 M, B 03 HHKaiox aexBipe xnna oxHOCHxejibHbix paBHOBCCHH b ccMeftcxBe 62- Ha 
pHC. mh OHH o 6 o 3 HaHeHBI Hepe 3 S2I — S2A- 

KopHH ypaBHCHHa ( 14 .ip b no.i],cxaHOBKe xoacK 62 h3 (| 2 . 6 I) hmciox bh^h;: 

III = -a(go + 2 gfa), /12 = - a(gp + gfa). 

HepBbiH Bcer;];a oxpHpaxejicH, BxopoH mchhcx snaK npn nepexofle aepes xoaxy Ti corjiacHO 

dial). HxaK, 3HaKH noKasaxejicH Mopca na 82 xaKOBbi: (-) ^jia 821 — (^23; (—h) flJia (^24, axo 

H onpe.i];ejiaex HH.i],eKC Mopca npHBC/ieHHoro raMHjibxoHHana Hi. 

06paxHMca k ceMCHcxBy ^3. Ha njiocKocxH (C, VP) pas/iejiaiomHe KpHBbie - axo o6pa3 xohck 
Ti,T 2 , KoxopBie oxBeaaiox BHaacHHio i; = 0 b (I3ai) H SHaHeHHK) U = 0 B (I3B . Hcnojibsya 
napaMcxp VP = ccMelicxBa ^3, nojiyaHM 

Ti : VP = C + C2, r2 : VP = C - C2. 
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Phc. 3: PasGneHHe ceMeflcTBa 63 


Ha (j3.5l) HaH/ieM BbipajKeHHH fljia o6pa30B tohkh BOSBpaTa C h tohkh nepeceHeHHH 


- 2e^ (eg + av)(2e'^ + 2eoav + ^ / at in^o. 

^ ’ 4a6^ > ^ ) V ^ (^Vo ij ^ , 


1 


’ 4aeg 

(a^ + £o)(a^?;^ -2gg) ^ 2(£o + az;)^ /-£o 

^ a(au + 2eo)^ ’ a(2£o + a^^)^’ ^ a 


HaKoneii,, o6pa3 napbi ToneK I2 , 13 nafifleM h 3 


(eo+ a^^)(2eo+ 4a£o^^ + a^^^^) w _ 2(^0 + 

12 ^ J-S • S *^9 5'' Q9 5'U^U. 

— . i ^ , y. 


a^v'^ 


a-^v^ 


Otmcthm, hto, b OTjiHHHe OT npe/];cTaBjieHHH ( 1331 ), 3 flecb VP = - napaivieTp ceMeflcTBa 63. 

HaneceM nojiyHeHHbie KpHBbie na njiocKOCTb (<^,VP), nojiynnivi paaGneHMe ceMencTBa ^3 na 
mecTb no;];ceMeHCTB, kelk noKaaaHO na pHC.[3l Me>Kfly npsMbiMH, nopoJK/];eHHbiMH TOHKaiviH Ti, T 2 , 
OTHOCHTejIbHbIX paBHOBeCHH BBT, HTO COOTBeTCTByeT paapblBy MBJKfly no;];CeMeHCTBaMH (Vg H 6 '^. 

KopHH ypaBHenna f)4.ip b no/icxaHOBKe ToaeK 53 na f|2.6D npocToro BbipaaceHna ne HMeioT. 
^jia Toro HTo 6 bi ycxanoEHTb hh^bkc Mopca (JjyHKpHH Hi na ceMeitcxBe 63, BbinnineM BHaaa- 
jie CBo 6 o/];HbiH bjibh ypaBHenna dni. OTSpacbiBaa saBe^^oMo nojio:acHTejiBHBie coMHo^KHxejiH, 
nojiyHHM 

sgn/xi/X2 = sgn{[o 2 (C - VP)^ - el][a^{W - (f - egCC + 3 VP)]} . 

HepBbiH coMHOJKHxejib B npaBOH aacxH o 6 paii],aexcH b nyjib b xoBKax Ti,T2, HBjiaioipiixcH rpa- 
HHBHblMH fljia CeMBHCXB (Vg, (Vg , XO BCXb BHyxpH CeMeftCXB BJIHHHHH Ha H3MeHeHHe 3HaKOB //l, /i 2 OH 
He OKa3biBaex. Bojiee xoro, oh nojioJKHxejien BHyxpn o6ohx ceMeficxB. 06paH];eHHe b nyjib Bxopo- 
ro coMHOJKHxejiH cooxBexcxByex, khk jiexKO BH/];exb, xonxe BOSBpaxa C. Hoaxoiviy HHJKe kphboh, 
HopoJKfleHHoii xoHKOH C 3XOX coMHOJKHxejib oxpHpaxejieH (HanpHMep, npn W = 0), a Bbime - 
HOJIOJKHXejieH (hXO OHeBHflHO npH GojIbHIHX VP > 0). HxaK, //l/i 2 < 0 Ha <531,(534,(536 H /il //2 > 0 
Ha (532,(533,(535. Ocxajiocb onpe/];ejiHXb o6hi,hh 3 HaK /ii ,//2 nocjie/iHHx xpex no.i];ceMeHcxB. 
SaHHHieM BbipajKeHHe cyMMbi noKaBaxejieit: 


+ P2 

x[ 


a (C 2VP) + _ ^) 2 [^ 2 ^ + q 2 (pp _ + 2C)] ^ 

a^sliW - C)^(5VP2 + 3VPC - 3C^) - a^(VP - C)^C^ - £o^(3VP + 5C)] = 


= o2(C-2VP) + 0(VP-i). 


OHeBHflHO, npH GojibHiHX VP > 0 3xa cyMMa oxpHpaxejibHa, a xax Kax Bbime kphboh, oxBenaiomeH 
xoHKe B03Bpaxa C, anaKH /ii ,^2 HenaMeHHbi, xo na <532,(533,(535 06a noKaaaxejia oxpnpaxejibHbi. 

HaKOHen,, o6pa3 na hjiockocxh {£,h) ceMeflcxBa < 54 , cymecxEyioipeH npn ycjioBHH ef > Ci, He 
HMeex HHKaKHX nepeceHeHHit c /ipyxHMH kphbbimh, nosxoMy hh ceMeftcxBO, hh o6o3HaHeHHaH xaK 
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jKe KpHBaa, /];onojiHHTejibHbix pasGneHHH ne nojiyaaioT. KopHH ypaBHenna (HU) B no^cxaHOBKe 
TOHeK 64 H3 (122]) xaKOBBi: 

_ - Sq _ 8efa'^(ef + 0^)^ 

2 ^f ’ ^ el + Aeja^el + in^y 

OaeBHflHO, B o6jiacTH cymecxBOBaHHH ohh Bcer/];a nojioacHTejiBHBi, tbk hto sflecb nojioJKHTejibHbi 
Bce noKaaaTejiH Mopca cJjyHKpHH Hi. 

Hait/i,eHHaH HHcJjopiviapHH 06 oxHOCHxejibHbix paBHOBecnax coGpana b xa6a. 1 (nocae^HHii 
cxoa6eii, oGcyjK^aexca b cae/],yioii];eM naparpacjje). Snaa Koanaecxfio xoaeK h HH/i;eKC Mopca, 
Haxo/];HM xonoaornaecKHe xanbi h xapaxxep GacJjypKapHH (b xa6aHD;e ohh sanHcanbi b 

HanpaBacHHH BospacxaHHa h). B pacniHpeHHOM npocxpancxBe M^(£,/i,ei) o6x.eflHHeHHe flna- 
rpaMM CMeftaa onpefleaaex ceivib o6aacxeH c nenycxbiMH Q\y^ (oaeBM^HO, axo HHJKe Bcex napa- 
60a Q^f^ = 0). 3xh o6aacxH oGosHaaenbi aepes A — G. B cayaae pnc. [T]a Bce oxh MHoroo6pa3Ha 
H3BecxHbi h 3 cayaaa KoBaaescKOH |35| : A) B) RP^; C) S'^xS^; D) N^- S^ecb h ^aaee Hepe3 
N4 o6o3HaHeHa CBa3Haa cyMMa m 3K3eMnaapoB S'^xS^. TaKoe H303HeprexHHecKoe MHoroo6pa- 
3He noayaaexca b cxcmc CMefiaa kbk npHBefleHHoe paccaoenne OKpyjKHOcxeft na/i; ^ByMepHbiM 
/i,HCKOM c m flbipKaMH. B aacxHocxH, ecxecxaenno canxaxb Nq = S^, Nf = S'^xS^. o6aa- 
cxH E HoayHHM Qii^ = 25"^ h 3 oaeBM^HOH 6H4)ypKaii;HH na ^4 (pnc. [26). B o6aacxb F yflo6Ho 
cnycxHXbca h 3 o6aacxH A aepea xoaxy ceMeltcxBa 5i3 c HH/];eKCOM Mopca 2, axo cooxBexcxByex 
BbipeaaHHK) flbipKH b /];HCKe na ccj^epe S‘^{a), oxBeaaiom;eM o6aacxH A. HoaxoMy MHoroo6pa3He 
B o6aacxH F CBaoHO h /iHcjacjaeoMopcJjHO S'^xS^. B aacxHocxH, nepexo.1 ]; k neiviy h 3 o6aacxH E 
aepe3 napy xoacK ceivieHCXBa 636 - 3 x 0 npHKacHKa /iByx pyaex k flByM ccjaepaivi xaK, axo peayab- 
xax CBaocH, xo ecxb xoxa 6bi o/];Ha pyaxa npHKacHBaexca cbohmh KonpaMH k paoHbiM ccJjepaM. 
HaKOHep, b o6aacxb G xanace yflo6HO cnycxHXbca h3 o6aacxH B aepea xoaxy ceMeltcxBa 5n 
c HHfleKCOM Mopca 2, axo cooxBexcxByex BbipeaaHHio /];bipKH b ahckc na ccjjepe S^(q;), oxbc- 
aaion];eM o6aacxH B, Koxopbiii yace Hivieex .i];Be .ii,bipKH. IloaxoMy peoyabxaxoM flaa G aaaaexca 
N^. HnxepecHO oxmcxhxb, axo H303HeprexHaecKoe MHoroo6pa3He b KaaccnaecKOH .z];HHaMHKe 
XBepfloro xeaa (^BHaccHHe BOKpyr HenoflBHJKHoii xoaxH b noae xoabKO cnabi xajKecxn) bobmojkho 
B cayaae o6m;ero noaoaceHHa penxpa Macc jSj (ncxopHio Bonpoca mojkho HanxH b 151) , OflHaKO, 
B HHxerpnpyeMbix 3a/i,aaax oho panee noHBaaaocb anuib b cayaaax Kae6ma [32] h CoKoao- 
Ba |15| 3a/];aaH Knpxrocjaa .i],BHJKeHHH xeaa b acHflKocxH (axo b cooxBexcxByioipeH 3a/];aae 
o /];BHJKeHHH BOKpyr HenoflBHJKHoft xoaKH B nepBOM cayaae oanaaaex naanaHe penxpaabHoro 
HbioxoHOBCKoro HoaH BMecxo HoaH CHabi XHJKecxH, a BO BxopoM npe/];noaaraex naanaHe rnpo- 
cKOHHaecKHx cHa, 3aBHCHiH,Hx ox opHeHxapHH xeaa). H303HeprexHaecKHe MHoroo6pa3HH cayaaa 
Kae6ma KaaccHcJ^HpnpoBaHbi b pa6oxe [43 j (r^e, coGcxbchho, BnepBbie h o6HapyjKHaocb h30- 
3HeprexHaecKoe MHoroo6pa3He A^f), (JjaaoBaa xonoaorna cayaaa CoKoaoBa Hoyaena b pa6oxe 
|44| . Cayaafi CoKoaosa flaa ypaBHeHHH KHpxro4)a HBaaexcH npe,i];eabHbiM flaa pacciviaxpHBae- 
Moii 3^ecb 3a/],aaH npn eg ^ 0. IlpH xaKOM nepexo^e coxpaHHioxca o6aacxH B, C, E, E, G, a hobbix 
o6aacxeH ne B03HHKaex. B aacxHocxH, aio6aH h3 oGaacxeii A — G npn /lecJjopiviapHH napaMexpoB 
HMeex Bbixo.1], aH6o na KaaccnaecKHli cayaali KoBaaeBCKoft (ei = 0), anGo na cayaafi CoKoaosa 
ypaBHeHHH KnpxrocJja (eo = 0). 


Ta 6 aHn,a 1 . Kaaccti OTHOCHxeabHbix paBHOBecnii 


Kofl 

K-bo 

ToneK 

HnaeKC 

Mopca 

CerMeHTBi 

BH4)ypKan,Ha: ^ 

Thh 

611 

1 

0 

[Ai,oo) 

0 ^ 

“peHTp-peHTp” 

612 

1 

1 

[Ai,oo), ( 6 ) 

[72,00), (c,d) 

253 ^ = S'3 

“peHxp-ceaao” 

613 

1 

2 

[^1,7^2], (c) 

[^1,73] U [/2,oo), (d) 

S^xS^ 

“ceaao-ceaao” 

614 

1 

2 

[73,72], (d) 

Nl ^ iV| 

“ceaao-ceaao” 

621 

1 

2 

[412,77] 

S'3 ^ Rp3 

“ceaao-ceaao” 
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Ta6jiHn,a 1. npo;i,oji>KeHHe 


Kofl 

K-bo 

ToneK 

HHfleKC 

Mopca 

CexMeHTbi 

BHcFypKapHH Ql ^ 

Thh 

522 

1 

2 


S '3 ^ Mp 3 

“cea,jio-cea,ao” 

523 

1 

2 

{h,T^] 

Nl ^ S'^xS'i 

“cea,jio-cea,ao” 

524 

1 

1 

[Ti,oo) 


“peHxp-ceaao” 

531 

2 

1 

[Ti,C], {a,b,c) 
[Tuh], {d) 

S'3 ^ iV| 

“peHTp-ceajio” 

532 

2 

2 

[C,h], {a,b,c) 
[h,h], {d) 

iV| ^ S'3 

“peHxp-peHTp” 

533 

2 

2 

[Ji,oo) 

S^xS^ ->■ RP 3 

“peHTp-peHTp” 

534 

2 

1 

[h,C], {d) 

S^xS^ ^ Nl 

“peHTp-ce^ao” 

S35 

2 

2 

[C,h], (d) 

Nl ^S^xS^ 

“peHxp-peHTp” 

536 

2 

1 

[A3,T2], ic,d) 

2 S^ ^ S^xS^ 

“peHxp-cepao” 

54 

2 

0 

[^4,00), {b,c,d) 

0 2 S^ 

“peHxp-peHTp” 


5 Tnnbl H yCTOHHHBOCTb OTHOCHTeJIbHbIX paBHOBGCHH 

Xopomo H 3 BecTHo |12) , HTo B HenoflBHJKHOH TOHKe MaTpHii;a jiHHeapHsapHH KanoHHHecKHx ypaB- 
HeHHH c raMHjibTOHHanoM H 3 a/],aeT onepaTop Ah : M®, y KOToporo xapaKxepHCTHHecKHH 

MHoroHjien co^epjKHX xojibko nexHbie cxenenn. CooxBexcxByiomiie co 6 cxBeHHbie HHCjia nojiHO- 
cxbK) onpeflejiaiox xapaxxep ycxoHHHBOcxH, ecjiH Bce ohh paajiHHHbi. B CHjiy BbipojK/];eHHOcxH 
cko6kh (HI) HjiH, HTO TO caMoe, b cHjiy najiHHHH HHTerpajiOB m , flBa co 6 cxBeHHbix HHCjia 
onepaxopa Ah nyjieBbie. 06o3HaHHM nepea xapaKxepncxHHecKHH MHoroHjien Ah, coKpa- 

meHHbiH Ha fj?. OHeBHflHO, MHoroHjieH Qh{p^) ecxb GuKsappaT. SaMeHHH b ypaBHeHHHX (II. 2p 
xaMHjibxoHHaH H Ha nepBbiH HHxerpaji K, xoh jkb npoii;e/];ypoH nojiyHHM onepaxop Ah h 6h- 
KBa/ipaxHbiH xpexHjieH 

riojiaraa A = //^ h HcnojibByn (Jjopiviyjibi (12.6p BbiHHHieM hbho KBa/ipaxbi KopHeii QnifJ') b 
xoHKax HaH/ieHHbix ceMelicxB oxHOCHxejibHbix paBHOBecHft: 

: 

52 : 


53 : 


54 : 

HanoMHHM, Hxo B raMHjibxoHOBOH CHCxeMe c flByMH cxeneHHMH CBoGoflbi, HMeioH^eii jy&a 
(JjyHKpHOHajibHO He 3 aBHCHMbix nepBbix HHxerpajia H, K, xhh HenoflBHJKHOH xohkh onpeflejiHex- 
CH fljiH xaK Ha3biBaeMbix neBbipoJK/ieHHbix xoneK. KpHxepnft HeBbipo>K/i;eHHOcxH cocxohx b xom, 
Hxo onepaxopbi Ah, Ah JiHHeiiHo He3aBHCHMbi h HaH^exca xanaa hx jinneiiHaH KOMGHHapna, y 
Koxopoii Bce co 6 cxBeHHbie HHCjia paajiHHHbi gala]. riycxb A xaKaa KOM 6 HHaii;HH. Onepaxop A 
Ha3biBaexcH b 3xom cjiynae peryjiapHbiM sjieMenxoM (ajire 6 pbi CHMHjieKXHnecKHX onepaxopoB, 
HopojKfleHHoii napoH Ah, Ah)- FoBopax, hxo HenoflBHacHaa xoHKa HMeex xhh “H;eHxp-n;eHxp”, ec- 
jiH Bce co 6 cxBeHHbie HHcaa A hhcxo MHHMbie, xhh “ce^jic-ce^ao”, ecjiH Bce ohh BeHi;ecxBeHHbie, h 
XHH “peHxp-ce^Jio”, ecan o^na napa co 6 cxBeHHbix HHcea hhcxo MHHMaa, a Bxopaa BeH;ecxBeHHa. 


Ai = - 


Ai — — 


2 a 
£o 
2 a 
a^(ef + 

{el - 02)2 


^ 0 \ \ 2 2 ^0 N (^2 

\2= a {Si - ) 

L a 

\i = a^(el + ^), A2 = (e^ + ^) - 


{ef - ny - 


£| 


A 2 — 


4(e2-02)2 


A - “ 

- “72 

t-1 


2 r 


{ei-n^)^+-AL^ei + 3Q‘^) 


£1 - 


4o2 


A 2 — —a (e^ + r2 ) 
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TeopexHHecKH HMeexcH eme o/],hh cjiynaH, Kor/];a co 6 cTBeHHbie HHCjia A HMeioT bh/i, (±a ± 6 i) c 
06 7 ^ 0. TaKHe nenoflBHJKHbie tohkh naabiBaioTca cJjoKycHbiMH. IIpH 3 tom xapaKxepHCTHHecKHH 
MHoroHjien peryjiHpnoro ajieivieHxa HenpHBO^iHM nafl M. O/inaKO yjKe h 3 nojiyneHHbix BbipaxcenHii 
TlJia cjie/],yex, hxo b paccMaxpHBaeMoit sa/iane cJjoKycHbix xonex Hex. 

Hait 7 i,eHHbie snaHeHHJi noKasbiBaiox, hxo MHoroHjien HMeex nyjieBbie KopHH xojibko b 

HeKoxopbix H3 cjiynaes, oxMeneHHbix sbiuie kbk pa3/i,ejiHK)n;He fljia ceMeftcxB Bojiee xohho, 
HyjieBbie KopHH cyn];ecxByiox 

• B ceMeiicxBe (5i jimhib npn BHaneHHH ef = Cij Kor.i],a ox 5i oxni;enjiaexcH ceMeftcxBO ^ 4 , h b 
XOHK e T 2 ; 

• B ceMeficxBe 62 xojibko b xchko Ti; 

• B ceMeftcxBe ^3 xojibko b xoHKax Ti,T 2 h C. 

B ceMeftcxBe ^ 4 , 3 a HCKjiioHeHHeM MOMenxa ero noaBjieHHa, Bce KopHH hhcxo MHiiMbie. 

PaccMoxpHM B03M0>KH0cxb T^pyroxo xiina BbipoJK/ieHHH, a HMenno, cjiynaii HajiHHHa /iByx 
oflHHaKOBbix nap KopHeli Ai = A 2 - Ha KpHBbix (5i, 64 ^ axo, oneBiiflHO, HesoaMoncHO. Ha KpHBoft 62 
3X0 paBeHCXBO flaex 3HaHeHHe , KoxopoMy oxBenaex xoHKa (|4.6I) na 7];HarpaMMax CMeiijia. 
Hpn 3XOM coBna^^aiomHe napbi BemecxBeHHbi. Bbihhcjihh MHoronjien flJia npoHSBOJiBHOH 

KOMGHHapHii ^ = >ciK + >C2H , y6e>K.ii,aeMCH, nxo coBna.ii,eHHe nap Kopnen coxpannexcH fljin ox- 
nocHxejiBHoro paBHOBecna b npoo6pa3e xonKH X jno6oro xaKoro nnxerpajia 4 >. Hoaxoiviy 
3X0 oxHOCHxejiBHoe paBHOBecne Bcer7];a Bbiponcfleno, xoxa na xapaKxep GncJiypnapHn Qf h 
Bjinaex, n no-npencneMy Kacaxejibnoe npocxpancxBO k g mojkho paojioJKHXb b npniviyio cyMMy 
njiocKocxen, b npoeKpnn na Kancflyio h 3 Koxopbix cooxBexcxByioman neno/iBHJKHaa xonna npn- 
Be.i];eHHOH cncxeMbi 6y7];ex BbirjiH.ii,exb cefljioBoii. SaMexHM, nxo onepaxopbi An n An ocxaioxcn 
B 3XOH XOHKe JIHHeHHO He3aBHCHMbIMH. 

Ha KpHBOH (Ja B o6o3HaHeHHHx (14.2p pasencxso Ai = A 2 flaex 

a^{W - C)^(3VB + 5C) - eliW + 3C) = 0 . 

BbinojiHHM noflcxanoBKy W = C + C23;. H 3 ycjiOBHH napaMexpoB na KpnBon ^3 cjie/i,yex, nxo 
\x\ ^ 1. HojiyHHM 

gp (3x^ - l)x _ gp - 3)x 
4a 2x^ — 1 ’ 4a 2x‘^ — 1 ’ 

xo ecxb Q, W flOJiJKHbi HMexb paonnie onaKH, nxo neBOOMoncno. HxaK, na KpnBon (Jp cjiynaeB 
Ai = A 2 Hex. 

B pesyjibxaxe npnxo/iHM k cjie/iyiomeMy yxBepjKTiennio. 

IIpeflJioxceHHe 4. B unmespupyeMOM cjiyuae KoeaneecKou - CoKOAoea ece omnocumeAbHue 
paenoeecuA HeeupoMcdenu, sa ucKAWueHueM mex, Komopue Aeatcam e npoo6pa3e moueK Ti, T2, 
C , X, u ecex omnocumeAbHux paenoeecuu coenadaminux ceMeucme = 84 npu pasdeAAWvneM 
SHaueHuu napaMempoe sf = (4. HeeupoatcdenHue omnocumeAbHue paenoeecun UMemm mun, 
ynasaHHUu e nocAedneM cmoA6ye ma6A. 1. 

HocKOJiBKy Bce xnnbi oxnocnxejibHbix paBHOBecnn yflajiocb onpeflejinxb, ncxofln h3 mhoxo- 
Hjiena QnifJ'), to ohh nojinocxbio onpe^^ejiniox xapaKxep ycxoHHHBOcxn cooxBexcxByromnx neno- 
TlBHJKHbix xoneK npHBe.ii,eHHOH cncxeMbi: xohkh xnna “n;eHxp-n;eHxp” ycxoHHnBbi no BceM nepe- 
MeHHbiM, xoHKn xnna “ce7];jio-ce/i,Jio” HeycxonnnBbi no BceM nepeMennbiM, a xonnn xnna “penxp- 
cefljio” ycxoHHnBbi no flByM nepeMennaiM, a no flByM - HeycxonnnBbi. 

Tonojiornn xaK HaobiBaeMon HacbimeHHon nexbipexMepHon OKpecxHocxn neno/iBnjKHOH xon- 
Kn nHxerpnpyeMoit cncxeMbi c /isyMn cxenenaMn CBoGo/ibi hohhocxbio onpe^^eneHa xnnoM /iJia 
xoneK “peHxp-peHxp” n “penxp-ceT^jio” gals]. ^aa ceflaoBbix oco6eHHOcxeH bobmojkhbi paaann- 
Hbie BapnaHXbi. Hx onpe^^eaenne xpe6yex BHanna xonoaornn flByMepHbix peryaapHbix ypoBHen 
nepBbix nnxerpaaoB npBBe7];eHHbix cncxeM b OKpecxHocxH HenoflBnacHbix xoneK n xapaKxepa nx 
6H4)ypKaii,HH. Cae.i];yioiii,nH pa3.i];ea co/iepjKHx Heo6xoflHMyio HH4iopMaii,nio no rpyGoii xonoaornn 
paccMaxpnnaeMOH aa/iann. 
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6 PaS^eJIGHHe nepeMGHHblX H ^HCKpHMHHaHTHblG nOBGpXHOCTH 


CncTeMa na Koajire6pe go co cko 6 koh (HH) H raMHJIbTOHHaHOM (m xecHo csHsana c o6o6n];eHHeM 
cjiynaa KoBajieBCKOH na nynoK Koajire6p = {(M,p)} (x 7 ^ 0), b KoxopoM CKo6Ka HyaccoHa 
HMeex bh/i, 

{Mi,Mj} = EijkMk, {Mi,pj} = EijkPk, {pi,Pj} = xEijkMk. ( 6 . 1 ) 

9x0 o6o6meHHe Haftfleno b pa6oxe na , xaM JKe npefljioJKena penoHKa saMen nepeMeHHbix, npHso- 
flaipiix B KOHeHHOM Hxore k pas^ejieHHbiM ypasHeHHHM xnna KoBajieBCKOH. Bojiee no/],po6HO oxox 
peayjibxax npe/],cxaBjieH b pa6oxe |40| . Bo mhoxhx ny6jiHKaii;HHX hmoioxch MOflHcJsHKapHH pa3/i,e- 
jieHHH nepeMeHHbix ^jih oxoh sa^anH (cm., nanpHMep, |36l EU Ea ED). OopMyjibi HocxpoeHHa 
pasflejieHHH nepeMeHHbix b [331 El] , no cyipecbBy, cjie/i,yiox xoMy Bapnanxy, Koxopbift npe7i;jio>KHji 
Kexxep m fljia KjiaccHHecKoro cjiynaa KoBajieBCKoli, oflHaKO, nojiyneHHbie nepeMeHHbie pas^e- 
jieHHH Bce xce He KOMMyxnpyiox. Hxo6bi sanHcaxb pesyjibxax pa3/i;ejieHHH fljia paccMaxpHBaeMOH 
37i;ecb 3a/];aHH, paccMoxpHM flH4)4)eoMop4)H3M Koajire6pbi go na Koajire6py g^^ c x < 0, Koxopaa, 
KaK H3BecxHO, ecxb so(3, 1)*, npHneM HopMHpoBKOii Bexxopa p Bcer/i;a mojkho /ioGhxbch paaen- 
cxBa X = — 1. 9xox nyaccoHOB /];H4)4)eoMop4)H3M (M, o:) 1—;■ (M,p), nepeBOflamHH CKo6Ky (HU 
B CKo6Ky dSU B o6meM cjiynae HMeex bh/i; HU 

p = ciQ + C2 Q:xM, Cl, C2= const. (6-2) 


OHeBHflHO, flJIH xoro HXo6bI XaMHJIbXOHHaH m nepemeji b raMHjibxoHHan KoBajieBCKOH 

1 


Heo6xo/];HMo hojiojkhxb 


H = -{M^ + Mi + 2Mi) - CPU 


Cl = C ^£ 0 , C2 = C ^£1. 


(6.3) 


npeo6pa30BaHHe, o6paxHoe k (16.2p . BanHinexca b BHfle 


a = 


^0(^0 “1“ ^iM^) 


£oP + £0 £iMxp + £^(p • M)M 


1 

^0 


= — ( cp + -2 


£lC 


+ £fM2 


£oMXp + £iMx (Mxp) 


(6.4) 


H 3 (|6.2D . ()6.3p /iJia napaMexpa nyaxa Haft^eM 


X = — 


a\l 

r.2 ’ 


HoaxoMy HyjKHaa HopMHpoBKa cko 6 kh na so(3,1)* flocxnraexca Bbi6opoM napaMexpa c. OyHKH,HH 
Ka3HMHpa fljia Koajire6pbi g_i B03bMeM b BH/];e 

G = p2-M2, F=^M-p. 

CooxBexcxByiomHe KOHCxanxbi o 6 o 3 HaHHM nepeo g, f. npeo 6 pa 30 BaHHe 
poBKH CBa 3 biBaex KOHCxaHXbi c,f,g h Ei,a,i cooxBexcxBHeM 


c ynexoM HopMH- 


c = £ia, g = 


E^a'^ - AEff' _ EqI 
? J 


2^2 


£tO 


£ia 


06 paxHoe k neMy 


ei = 


^/2Eo 


a = 


^^g^ + 16p+g' ^^0 

Sflecb, KaK H panee, y/];o6HO cnnxaxb £0 > 0 cJiHKCHpoBaHHbiM. 


\/Vg‘^ + 16/2+ (/, £ = —, 

^0 
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TaKHM o6pa30M, Bce HSBecTHbie pasflejieHHH nepeMeHHbix /];jia cjiynaa KoBajieBCKolt - Koivia- 
poBa Ha so(3,1)* nepenocHTCH na sa/^any KoBajieBCKolt - CoKOJiOBa. IlojiyHeHHbie b pesyjibTaxe 
saBHCHMOCTH /],onycKaioT npe^ejibHbiH nepexofl npn ei —>• 0 k KjiaccHHecKOMy BOJinxy KoBajieB- 
CKoii (kbk h cjiynaH KoBajieBCKOH - KoMapoBa, ecjin He HopMHpoBaxb napaiviexp x). C flpyroH 
cTopoHbi, caM BojiHOK KoBajiBBCKOH - CoKOJioBa HBjiHeTCH HpeflejibHbiM fljiH o6o6H],eHHoro /IByX- 
HOJieBoro rnpocxaTa CoKOJiOBa - Ll,biraHOBa, HHxerpnpyeMocxb Koxoporo flOKasana b |16) (npn 
o6paH];eHHH b hojib hocxohhhoxo rnpocxaxHHecKoro MOMenxa h Bxoporo oflHopoflHoro hojih). 
JXllii HOJIHOrO COrjiaCOBaHHH C HCCJie/],OBaHHHMH OCo6bIX (KpHXHHeCKHx) /I,BHJKeHHH KJiaCCHHe- 
CKoro BOJiHKa KoBajieBCKOH [HEiiis] H rnpocxaxa CoKOJiOBa - Ll,biraHOBa [laiM] 6yf\eM cxpoFO 
cjie^OBaxb Mexo;];y Kexxepa. 

BBe^eM nepeivieHHbie (i^ = —1) 

wi = ^(Mi + iM2), 
xi = ai + i 02) 

H o 6 o 3 HaHHM 

R{w) = + Aeoiw — k + ef [o^(2/i + efa^) — 4£^] + SqO^, 

R{wi,W 2) = ^[R{wi) + R{w 2) + (wf - 
IIpHMoe npHMeneHHe iviexo/ia Kexxepa npHBO/iHX k cjieflyron^eMy pesyjibxaxy. 
ripe^jioxceHHe 5 ([H]). UepeMCHHue muna KoeaAeecKou 

_ R{wi,W2) - R{wi)R{w2) _ R{wi,W 2) + y/R{ wi)R{w2) 

{wi - W 2 Y ’ (wi - W2)^ 

KOMMymupymm {si,S2} = 0 u ux dunaMUKa onucueaemcn pasde/iennuMU ypaenenusiMU 

(Sl - = -2P(si)(^(si), (Si - S2fsl = -2 P{s2)^{s2), 

zde 

P{s) = [s — (/i + — k, 

(p{s) = — 2hs^ + [{h + e\o?)‘^ + — Ae\£‘^ — k]s — 2el£‘^. 

OKasbiBaexca, hxo b sxoh sa/iane GncJjypKapHH nepBbix HHxerpajiOB b xohhocxh cooxBexcxBy- 
lox flHCKpHMHHanxHOMy MHOJKecxBy MHoroHjiena, ynacxByroH^ero b pa3/];ejieHHbix ypaBHennax, c 
o6biHHbiMH OFOBopKaMH Bem;ecxBeHHOcxH pemeHHH. 

TeopeMa 1. Bu^ypnayuonHan duaepaMMa noAHoeo omo6paofceHUH MOMenma 

P = HxLxK :P^ 

CAyuasi KoeaneecKou - CoKOAoea ecrti'b omeeuawiyaA eevyecmeenHUM pemenuMM uacnib ducKpu- 
MUHanmnozo MHOCHcecmea MHOzouAena S{s) = P{s)(p{s), Komopoe cocmoum U3 CAedymiyux no- 
eepxHocmeu: 

Hi : k = 0; 

n2 : ^ [2ei(^ + + £ 0 ] ! 

^ , [a^ih + sy)-2 £^]^ 

ns: *:=--; 

f = \{h-s)s‘^ 

I ^0 

^ ■ I 4^2 / 4^2 N 

k = ^- 2 ^^ ) “^^0 + {h + 

> ^0 V ^0 / 

^OKa3axejibcxBO mojkho nojiyHHXb h 3 pe3yjibxaxoB pa6ox |13[ [39] , F/],e ^ano onncaHHe 6H4)yp- 
KapHOHHblX flHaFpaMM H MHOJKeCXBa KpHXHHeCKHX XOHeK OXoGpaJKeHHH MOMeHXa flJIH FHpocxaxa 
B /IBOHHOM HOJie. B HaCXHOCXH, B 3XHX pa6oxaX MHOJKeCXBO KpHXHHeCKHX XOHeK OXo6paJKeHHH 
MOMenxa npe/i,cxaBjieHO Kax o6x.e/i,HHeHHe xaK Ha3biBaeMbix KpnxHHecKHX no/iCHCxeM. 


W2 = -(Ml -iM2), W3 = Ms, 


(6.5) 


X2 — Oil — 1 02 ) 


Z = 03, 
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7 KpHTHHecKoe MHo:a<;ecTBO h THnbi kphthhgckhx tohgk 


HTo6bi ccJjopiviyjiHpoBaTb onncaHHe KpHTHHecKoro MHOJKecTBa oTo6pa>KeHHH MOMeHxa b cjiynae 
KoBajieBCKOH - CoKOJicsa, nanoMHHM noHHXHe KpnxHHecKoii noflCHCxeMbi [381 [20l [39] . PaccMox- 
pHM HenpHBOflHMyio HHxerpnpyeMyio CHCxeMy c xpeMH cxeneHHMH CBo6o/i,bi c HHBOJiioxHBHbiM 
Ha6opoM HHxerpajiOB, KoxopbiH o6o3HaHiiM xax »ce, kbk h b Hameft sa^ane, nepes H,L,K. 
npe/i,nojioJKHM, fljiH npocxoxbi, hxo b nefi oxcyxcxByrox cJjoKycHbie oco6eHHOcxH panra 1. To- 
xfla B npe/icxaBjieHHH GHcJjypKapHOHHoii flnarpaMMbi oxo6pa>KeHHH MOMenxa b bh^b flByMepHoro 
KjiexoHHoro KOMnjieKca, 6yflyx oxcyxcxBOBaxb HaojinpoBaHHbie oflHOMepnbie kjibxkh. Ilycxb 

= 0 

ypaBHenne flByMepHoii noBepxHocxH, Hecymeii na ce6e neKoxopyio flByMepnyio KjiexKy 6H4)yp- 
Kaii,HOHHOH /iHarpaMMbi. PaccMoxpHM CHCxeMy ypaBHeHHft 

$ = 0, d^> = 0, (7.1) 

B KoxopoH BMecxo {h,i,k) noflcxaBjieHbi cooxBexcxByiomHe (JjyHKpHH. Panr axofl CHCxeMbi na 
MHOJKecxBe ee pemeHHii noHXH Bcio/iy paaen .i],ByM. HoaxoMy mhojkbcxbo pemeHHH ecxb aa- 
MbiKaHHe HexbipexMepHoro MHoroo6pa3HH cocxoamero pejiHKOM h3 kphxhhbckhx xonex pan- 
ra 2. Ha A/# HHflypnpyexcH /];HHaMHHecKaH CHCxeMa, Koxopaa noHXH Bciofly raMHjibxoHOBa c flBy- 
MH cxeneHHMH CBo6o/];bi. Mhojkbcxbo A/$ HaabiaaeM KpHXHHecKOH noflCHCxeMoli, nopoJKfleHHoft 
(JayHKpHeH 

C /ipyroH cxopoHbi MHorooGpaane Af^ Moxcex 6bixb aanHcano b bh/ib chcxbmbi HHBapnaHXHbix 

COOXHOniBHHH 

V’l =0, i;2 = 0, (7.2) 

B KOXOpOH 4)yHKII,HH V’l;'02 H63aBHCHMbI Ha Af^. B XaKOM HpBflCXaBJIBHHH MOJKHO XOBOpHXb, HXO 
KpHXHHBCKaa no;];cHCXBMa A/$ = C^A/"^) onpa^^BjiBHa HHBapHanxHbiMH cooxhohibhhhmh dH. 

H 3 B 6 CXHO m, HXO 2-4)opMa, HH/];yii;HpoBaHHaH na Af^ chmhjibkxhhbckoh cxpyKxypolt (jaaao- 
Boro npocxpaHCXBa, BbipoJK/iaBXCH na mhojkbcxbb {0i,02} = 0. 

SaMeuaHue 1. OGmhho cncxeMy HHEapnaHTHbix cooTHomenHii mo>kho Bbi6paTb xaK, Hxo6bi 6bijio 

■01 = Xl'02, 02 = >f201 

c HeKOxopbiMH cjayHKpHHMH >c \, >f2 (xoHKOH o6o3HaHeHO flH4)c|)epeHn,HpoBaHHe b CHjiy hcxo^hoh raMHjiB- 
XOHOBOH CHCxeMBi). Topfla (cm., HanpHMcp, El) CKo6Ka {■ 01 ,^ 2 } 6y/];ex nacxHBiM HHxerpajiOM na h, 
cjie^OBaxejibHO, na ero saMbiKanHH A/$. B [3| cxMencHO, hxo na MHorooGpasHHx, ccJiopMHpoBaHHbix hcbbi- 
pojKflCHHBiMH KpHXHHCCKHMH xcHKEMH oflHOxo paHxa, HH^ypHpoBaHHaH CHMnjiCKXHHecKaH cxpyKxypa He 
Bbipo>KflaexcH. B HacxnocxH, axo osHanaex, hxo HyjieBoft ypoBent HacxHoro HHxerpajia {'0i,'02} pejiHKOM 
COCXOHX H3 BBipO>KfleHHBIX KpHXHHeCKHX XOHeK. 

B HaniBM cjiynae MexaHHHBCKaa CHCXBMa na SO{3) npHBO/iHMa h, hocjib (JaaKxopnaai^HH no 
rpynne chmmbxphh spaipBHHH xpBXMBpHoro npocxpancxBa BOKpyr BBKXopa a, peniBHHa ch- 
CXBM BHfla (dl) aanojiHHiox xpBXMBpnbie MHoroo6pa3HH b , paccjioBHHbiB ypoBHHMH HHXBxpajia 
L Ha noHXH raMHjibxoHOBbi CHCXBMbi c o/];hoh cxenBHbio CBo6oflbi b B hbcxhocxh, panroM 

KpHXHHBCKOH XOHKH OXo6paJKBHHH MOMBHXa 6yflBM HaSbIBaXb BB paHX B npHBB/],BHHOH CHCXBMB 

Ha Vlg. 

0],ajiee cjiB^yeM npoH,B/i,ypB, onncaHHOH b [39], c yHBXOM npHBOflHMOcxH Haraen CHCxeMbi. 
Hycxb - (JjyHKpHH, nopoJKflaioH^aH KpnxHHecKyio noflCHCXBMy A/#. PaccMoxpHM komhobhphio 
^ o T (JayHKpHH $ c oxo6pa>KeHHeM MOMBHxa na bcbm M®(]V[, q) h bbihhcjihm xapaKxepncxH- 
HBCKHH MHOrOHJIBH COOXBBXCXByiOH^erO 3XOH (JjyHKpHH CHMHJIBKXHHBCKOrO OHBpaXOpa, XO BCXb 
OHBpaxopa, 3a/];aiom;ero jiHHBapHaapHio raiviHjibxoHOBa BBKXopnoro hojih sgrad(<& o A"). 0],onyc- 
KaH OHBBHflHyiO BOJIbHOCXb, o6o3HaHHM OHBpaXOp HBpB3 (cxpOXO XOBOpH, BflBCb B HH/];eKCB 
cjiBflOBajio 6bi yKaobiBaxb <1> o A). Oh hmbbx HBXbipB Hyjiesbix codcxBBHHbix OHaHBHHH. HosxoMy 
3/];ecb HBpea p<i>(//) o6o3HaHHM xapaKXBpHcxHHecKHH mhoxohjibh coKpan^BHHbili na To- 
r/];a p$(/i) = — X, a 3HaK A onpB,i];BJiaex xhh kphxhhbckoh xohkh h3 A/$ ho oxhohibhhio k 
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MajioH njioma;];Ke, TpancBepcajibHOH k A/$ H b ^JIh tohkh panra 1 3 to nojiHbifi thh, 

a TOHKH panra 0 3to nasbiBaioT BHeniHHM thhom no OTnomennio k no;i;cHCTeMe A/#. IlocKOJibKy 
neBbipojK^ennbie TonKH panra 0 npnnaflJiencaT rpancBepcajibnoMy nepecenennio /iByx KpnTnne- 
CKHX noflCHCTeM HjiH xpancBepcajibHOMy caMonepecenennK) o^non cncTeMbi, to onn nojiynaioT 
/IBa Bnemnnx xnna, Koxopbie n onpe/i,eji5nox nx nojinbin xnn b cooxBexcxByioni,eH npnBe/iennoH 
cHcxeMe. 

Cjie/];yK)n],He yxBepjKflennn oxnocnxejibno KpnxnnecKHX noflcncxeM n MnoncecxBa Kpnxnne- 
CKHX xoneK oxo6pa>KenHH MOMenxa cjiynan KoBajieBCKon - CoKOJiOBa nojiynaioxcn h 3 pesyjibxa- 
xoB pa6ox USES] npe/i;ejibHbiM nepexo^oM npn o6nyjienHn Bxoporo nojia, no, Konenno, Moryx 
6bixb npoBepenbi n nenocpeflcxBennbiM BbinncjienneM. ,Z],jih KajKflon ns noflcncxeM BBOflaxca 
nacxnbie nnxerpajibi, oGosnanennbie nponncnbiMH 6yKBaMH. Hx Koncxanxbi o6o3nanaioxcn coox- 
BexcxByioni,HMH cxponnbiMH 6yKBaMH (b xom nncjie, c nn^eKcaMn). KpaxKocxn HHflypnpo- 

BannoH CHMnjieKxnnecKon cxpyKxypon mm naBbiBaeM 2-4)opMy, HBflypHpoBaBnyio na nexnoMep- 
nbix no/];MHoroo6pa3HHX b ncxoflnon CHMnjieKxnnecKOH cxpyKxypon na TSO{3) hjih, nxo xo 
jKe caMoe, CHMnjieKXHnecKoii cxpyKxypoii na CHMnjieKxnnecKHX jincxax cko6kh Hyaccona. 
Mbi HBno yKa3biBaeM, r^e 3xa cJjopMa HMeex xonKH BbipoJK/];enHa. Bojiee xoro, nnBapnanxnbie 
cooxHomenna BbiGpanbi b cooxBexcxBnn c saMenanneM [1] xan, nxo6bi nx CKo6Ka riyaccona 6bi- 
jia nacxnbiM nnxerpajiOM KpHxnnecKon noflcncxeMbi, noaxoMy n mbojkoctbo xonex BbipoJK/i,enHa 
onncano b xepMnnax xaxnx nnxerpaaoB. 

ripe^jioxceHHe 6. MnoMcecmeo Mi, aadauHoe cucmeMou 

= 0 , = 0 , 


zde 

= ^(-^1 “ -^1) + £i(«2-^3 — 01 ZM 2 ) + Soai — , 

z|^^ = -Ml M 2 + ei{a^Mi — aiM^) + 6002 , 

jisAJiemcji KpumuuecKou nodcucmeMou CAyuan KoeaAeecKou - CoKOAoea, nopoofcdeHHOu cfiyuKyu- 
eu ^i{h,£, k) = k. Ha Mi onpedeAen uacmHuu unmespaA Fi = {z|^\ 

Fi = ^(A/i + M|)M3 + ei(Q!iM2 — a2Mi)Mi + eoa^Mi — 
npuHCM Ha Ml nocmoHHHue unmespaAoe Fi,H,L cenaanu coomHomenueM 

fi = [^0 + 2e?(/i + e\a^)][a^{h + ela"^) - 2£^]. 


HyAeeou ypoeewb Fi onpedeAnem MHoatcecmeo moueK eupocHcdenuA UHdyyupoeaHHOu cuMUAeK- 
muuecKou cmpyKmypu e naatcdoM Mi H g. XapaKmepucmuHecKuu MHOzouAen UMeem end 

+ A fl, 


6 uacmHocmu, npu /i 7 ^ 0 ece mouKU pama 1 U3 Mi Heeupoofcdenu u UMemm mun “yeump”. 
HeeupoMcdeHHue mouKU pama 0, Aeofcaiyue e Mi, UMemm enemHuu mun “yeump”. 


ripe^jioxceHHe 7. Mnoafcecmeo M 2 , aadannoe cucmeMou 

zf^ = 0, zf^ = 0, 


zde 


, 2 , _ y3+3(MF±M[e2(M3 - 2e,a,)M, - 2 eoela, + eg], 


Zf' = 


7(2) _ 

^2 — 


eii/efTep^ 

1 


ei(M2 + 2£iO!2)M^ + 2ei(aiMiM3+ 


V^o + e?M| 

+£o{£oM 2 — 2£\a2Mi + 2£Q£ia‘^)\, 
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ReAHemcH KpumuuecKou nodcucmeMou CAyuan KoeaAeecKou - CoKOAoea, nopoMcdeHHOu (pyuKyu- 
eu 

^ 2 {h 4 ,k) = k- ^ [2ef(/i + efa^) + £0]^ • 

Ha A 2 onpedeAen uacmHuu unmeapaA F 2 = eo{-^ 2 ^\ ^ 2 ^^}' 

F 2 = M2\J Eq + e\{M‘^ + + £\{M^ — 2eia2)^]- 

HyAeeou ypoeeub F2 onpedeAAem e KaatcdoM M2 H mouKU eupoMcdenun UHdyyupoeaHHOu 
cuMUAeKmuHecKou cmpyKmypu. XapaKmepucmuuecKuu mhozouach UMeem eud 

2/2 ) 

^0 

e uacmHocmu, npu /2 7^ 0 ece mouKU pama 1 U 3 M2 Heeupoofcdenu u UMemm mun “yeump”. 
HeeupoMcdeHHue mouKU pama 0 , Aeofcaiyue e M2, UMemm enemHuu mun “yeump”. 

SaMeuanue 2 . IIpocToe BbipajKenHe ^jih ckoGkh ^2^^} nojiyneHO b TOHKax A/2 nyieM HCKjiiOHeHHH 

nepeMeHHbix ai,a3 b CHjiy HHBapnaHTHbix cooTHomeHHft. B 3 tom npe^CTaBjieHHH jierKO BH^eTb, hto na 
M2 ycjiOBHe ^2 = 0 paBHOCHjibHO TOMy, hto M2 = 0 . Tbkhm jkb nyieM npoBepaeTCH, hto na M2 ’lacTHbiM 
HHTerpajiOM HBjiaeTCH 4 )yHKn,HH 

H, KpoMe ypaBHeHHH noBepxHOCxH 112, He co;i,ep:acaii];ero HMeexcn cjie/iyioin,ee cooTHomenHe na nocxo- 
HHHBie nepBBix HHxerpajiOB 

8 etH-eliel + 2 elh) = p 2 q. 

Cjie7];yK)ii];yio KpHTHHecKyio noflCHCTeMy y/];o6HO sanncaTb b nepeMeHHbix ( 16 . 5 p . 06 o 3 HaHHM 

6 = (2 = Z[^^ 

B nacTHOCTH, HHTerpaji K npHMex bh/i; K = ^ 1 ^ 2 - 

IlpefljioxceHHe 8. SaMUKauue A/3 Muoatcecmea, aadauHozo cucmeMou 

zf^ = 0, zf^ = 0, 


zde 


Z 


( 3 ) 


y^XiX2W3 - [{'W1X2 + W2Xi)z - ia‘^£i{xi - X2)] , 

V X1X2 



1 

i 




ABAAemcA KpumuuecKou nodcucmeMou CAyuan KoeaAeecKou - CoKOAoea, nopoofcdeunou ^yuKyu- 


eu 


^ 3 {h,i,k) = k- 


[a^h + ey)-2£^]^ 


Ha A /3 onpedcACH nacmnuu uumezpaA 


X3 


y/XlX2 


(u;i +I£iz){w2 - i£i2:) + 


f X 2 
Xi 


6 


X 2 


6 




maKou, umo 

{Zf\zf)} = 2a2F3. 

HyAceou ypoeeub F^ onpedcAHcm e naatcdoM A /3 H mouKU eupoMcdenun undyyupoeaHHOu 
cuMUACKmuHecKou cmpyKmypu. 
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B 3TOM cjiynae Bt.ipoJK/];eHHbie KpHXHHecKHe tohkh noasjiaroTCH h ne b cbhsh c BbipoJKfleHHeM 
HH/iypHpOBaHHOH CHMnjieKTHHeCKOH CTpyKTypBI. 


IIpefljioxceHHe 9. Ha UHeapuanniHOM nodMHOMcecmee A /3 onpedejien uacmHuu nepeuu unme- 
zpaA 


M = 


1 


2^6 + 2^6 I, 

Xl X2 


maKoil, umo nocmosiHHue o6iu,ux uumespanoe cenaanu c nocmoHHHUMU unmezpaAoe A 3 , M co- 
omHomeHUHMU 


t = 


(/3-eo)> k = a'^rr? 


4(m + el) 


h = —o?{m + e\) + 


2 (m + ef) 


(/I - el) 


u xapaKmepucmuuecKuu mhozouach UMeem eud 


£'< 1-3 ( a ) = + 4:a'^mfi. 


B uacniHocmu, npu f^^Oumj^O ece mouKU panza 1 U3 A /3 Heeupoatcdenu u UMemm mun 
“i^eump” npu m > 0 u mun “cedAo” npu m < 0. /])aa ueeupoMcdenHux mouen panza 0 amu Mce 
ycAoeun onpedeAnmm enemnuu mun no omnomenuH) k A/ 3 . 

YcTpeMjiHa ei K nyjiio, Hexpy/iHo y6eflHXbCH, hxo KpHXHnecKaa noflCHcxeMa A/i ecxb anajicr 
nepBoro Kjiacca Annejibpoxa cjiynaa KoBajieBCKoft, KpHXHHecKaa no/icHcxeMa A /3 ecxb anajicr 
Bxoporo H xpexbero KjiaccoB. KpHXHaecKaa noflCHCxeMa A/2 HBjiaexca hoboh, ona ne HMeex xaKoro 
anajicra h nenycxa jinnib npn ycjioBHH e\ > Cl- Tax nasbiBaeMbie oco6o saMeaaxejibHbie ^BHJKe- 
HHS aexsepxoro Kjiacca Annejibpoxa npeflcxaBjiaiox co6oh nanGojiee ycxonnnByio no;];cHcxeMy 
oxnocHxejibHO pasjinnnbix o6o6n];enHH cjiynaa KoBajieBCKon. K hhm oxnocaxca, nanpnMep, cjiy- 
nan Bo6bijieBa-CxeKjioBa n ero oGoGmenne na rnpocxax BecbMa o6in,ero BH/ia m, o6o6iri,eHHH 
Ha TBep;i,oe xejio b ^BOHHoe nojie miE] H na rnpocxax b /];bohhom nojie |20) . Anajior sxoro Kjiac¬ 
ca flBHJKenHH ecxb n b paccMaxpHBaeMOH sa^ane. Hoponcflaiomyio ijiyHKpHio A:) moikho 

nojiynnxb, HCKjnonaa h 3 ypasHeniiH noBepxnocxn 114 napamexp s, o/i,naKO, b xaKOM BH/i;e ona, 
KaK H B KjiaccnnecKOM cjiynae KoBajieBCKon, OKasbiBaexca Gecnojiesnon. 

npe/i,Jio:a<;eHHe 10. Mnootcecmeo A/ 4 , aadannoe cucmeMou 

z[^^ = o, zf = o, 


zde 

= M2, ^2^^ = -M1M3 — eia 2 Mi + eo« 3 ) 

ABAAemcA KpumuuecKou nodcucmeMou CAyuaA KoeaAeecKou - CoKOAoea. Ha A/4 UMeemcn uacm- 
Huu unmezpaA 

Q — 

Ml ’ 

maKou, umo nocmoAnnue o6vu,ux unmezpaAoe u unmezpaAa S ceAsanu ypaenenuAMU noeepxno- 
cmu 114 u 

= 2H -2>S. 

VcAoeue 2H — 3S = 0 onpedeAnem mouKU eupoofcdenun undyyupoeanHou cuMnAeKmuuecKou 
cmpynmypu e KaotcdoM A/4 H FeoMempunecKU oho aadaem pe6po eoaepama noeepxnocmu 

n 4 . 

BbinncjieHHa xnnoB KpnxnnecKHX xoneK noponcflaiomaa 4 )yHKn,HH $4 cjinniKOM cjioJKna. 
/],jia nac sajKHO cjie^yiomee ns ypaBneniiH nosepxnocxn 114 cooxnomenne na /];H 4 ) 4 )epenn;Hajibi 
o6mHX HHxerpajioB 

4(£o + 2gfsK ^^ + dA - 2{h + eja^ - s)dH = 0. 
s 
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y^HTbiBaa, HTO L ecTb 4)yHKii;HH KasHMHpa cko6kh HyaccoHa h, snaanT, sgradL = 0, paccMOT- 

PHM (JjyHKpHK) 

l >4 = A; — 2{h + — s)h. 

OaeBHflHO, HTO Ha TOJKflecTBeHHO sgrad<I >4 = 0, r/],e kocoh rpa/];HeHT depeTca, KOHenno, ot 
KOMH osHpHH <^4 c oTo6pajKeHHeM MOMeHTa. Bojiee Toro, ynporgenHa npoii;eflypBi cjie/i;yeT 
flo BbiHHCjieHHH Kocoro rpa/iHeHTa h ero jiHHeapH3aii;HH (to ecTb hckomoto cHivinjieKTHHecKoro 
onepaxopa) CHHxaxb KoocJjcJjHpHeHX 2{h + £\a^ — s) npoHSBOJibHolt KOHCxaHTolt, h jinnib nocjie 
BbIHHCJieHHH HOflCXaBHTb B HerO 4)yHKH,HH H, S. 

npefljio:a<;eHHe 11. Ha UHeapuanmnoM nodMHOMcecmee xapaKmepucmuuecKuu mhozouach 
cuMnneKmunecKozo onepamopa UMeem eud 

- ^4, 

zde 

A 4 = 2(eg + 2e^s)(3s - 2/i)(ega2 - 2hs + 25^). 

B uacmHocmu, npu A 4 7 ^ 0 ece mouKU panza 1 U3 A /4 HeeupoMcdenu u UMewm mun “v^eump” 
npu A 4 < 0 M mun “cedAo” npu A 4 > 0. /I^asi ueeupoMcdenHux moucK panza 0 amu Mce ycAoeun 
onpedeAHwm enemnuu mun no omnomenuK) k A/ 4 . 

TeopeMa 2. MnoMcecmeo C KpumuuecKux mouen omo6paMceHun MOMenma CAyuan KoeaAee- 
CKOU - CoKOAoea ABAfiemcH o6neduHeHueM uneapuanmnux nodMHoatcecme, CAyofcaiu^ux ^asoeu- 
Mu npocmpancmeaMU nepenucAennux eume uemupex KpumuuecKux nodcucmeu, 

4 

C = [jNi. 

i=l 

Heeupoatcdennue mouKU panza 0 AeAAmmcn mpanceepcaAbnuMU nepeceuenuAMU deyx omKpu- 
mux nodjunoMcecme KpumuuecKux nodcucmeM u mun moucK panza 0 onpedeAAwmcn napou 
enemnux munoe, euuucAennux Baa KpumuuecKux nodcucmeM. 

JXjih flOKasaTejibCTBa otmothm BHaaajie, hto KpHXHHecKHe tohkh npoHSBOJibHOH cJjyHKpHH / 
Ha onpe/iejiHioTca ypaBHennaMH (cm. jicMMy H]) 

c/m/ = 0, D/ = 0. (7.3) 

KpHTHHeCKHe TOHKH H yjKC HSyHeHbl. rioOTOMy B JIHHeiiHblX KOMdHHapHHX flHcJjcJjepeHpHajIOB 
MOJKHO 0/I,HH H3 KOScJjcJjHpHeHTOB HpH OCXajIbHblX HHTCrpajiaX CHHTaXb HeHyjieBbIM. SanHCbIBaa 
ycjioBHH (17.3p /iJiH KOMdHHapHH BH^a K — aH, nojiyHHM no/icHcxeMbi A/i,A/' 2 . Thkhm o6pa- 
30M, 3TH no 7 ];cHCTeMbi oxpajKaioT 3aBHCHMOCTb K VI H 6e3 ynexa hx orpaHHacHHa na ypoBCHb 
cjjyHKpHH L. B aaCTHOCTH, 7];jIH OCXaBHIHXCa KPHTHHCCKHX TOHCK MBI MOHCCM CHHXaXb HCHyjieBblM 

KoscJjcJ^HpHeHT HpH flHcJjcJjepeHpHajie L. Bbo/i,h cJjyHKpHio f = L — tH — aK, BanameM ycjioBHH 

(17.3p H HCKJIIOHHM H3 HHX T, CJ. IlojiyHHM CHCTCMy HHBapHaHTHbIX COOTHOHieHHH, paHT KOTOpOH B 
HCKOMbIX TOHKaX flOJIHCCH paBHHTbCH flByM. JlcTKO HpOBCpHTb, HTO KaJK7];oe H3 3THX ypaBHCHHlt 
MOJKHO BaHHCaTb B flByX BH7];aX 

zfVi* + = 0 (i = 3,4). 

Bnanajic oannHieM CHCxeMy i = 3, oaxcM, npe 7 ];nojiaraH, hto bcktop {z[^\ Z^'^) Henyjie- 
BOH, HCKJIIOHHM 3TH (JiyHKpHH. IlojiyHeHHbie ypaBHCHHH npe7i;CTaBHM B TOM JKe BHfle flJIH i = 4. 
npe7];nojiaraH BCKTop {z[^\ HenyjieBbiM, hckjhohhm h 3th cJiyHKpHH. Boobmcm jiiodoe neaa- 

BHCHMoe ypaBHCHiie BH^a F = 0 h3 ocTaBHiHxca h yde/iHMca, hto b CHjiy hcxo.i];hoh CHCTCMbi 
flHcJxJiepeHpHajibHbix ypaBHCHHH F He o6paHi,aeTca b nyjib TOJK^gecTBenno npn F = 0 n F = 0. 
TaKHM o6pa30M, panr ocxaBHieHca CHCxeMbi HHBapHaHTHbix cooTHomeHHH Gojibme flByx, h ona 
MOJKeX HOpOJKflaXb TOJIbKO KpHTHHeCKHe TOHKH paHTa 0, KOTOpbie yjKe HBBeCTHbl. 

TpaHCBepcajibHOCTb nepeceneHHH (hjih caMonepeceHeHHft) KpHTHHecKHX no7i;cHCTeM b neBbi- 
pojK^eHHbix TOHKax panra 0 cjie/iyeT h3 cymecTBOBanna .gByx BbiHHCJieHHbix Bbime bhcihhhx 
THHOB. TeopeMa /lOKaBana. 
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8 IlpHMepbi H303HepreTHHecKHX flHarpaMM h rpy6aH TonojiorHH 


B CHjiy Toro, hto ypoBHH sneprHH KOMnaKTHbi, hto cjieflyeT, nanpHMep, h 3 npe^cTasjieHHH cJjyHK- 
pHH H B BHfle (12.ID . yflo6HO paccMaxpHBaTB 6H4)ypKaLi;HOHHBie flHarpaMMBi orpaHHHeHHH oto 6- 
pajKeHHH MOMeHTa na HsoanepreTHHecKHe ypoBHH, to octb orpaHHHeHHH OTo6pa>KeHHH LxK 
Ha HeTBipexMepHbie MHoroo6pa3HH Cl {H = h}. Kohchho, xaKHe flHarpaiviMbi - 3 to ceHeHHH 
o6ipeH 6H4)ypKaii,HOHHOH ^narpaiviMbi oTo6pajKeHHH MOMeHTa hjiockocthmh h = const. C axoii 
pejibK) H ypaBHCHKH HecymHx noBepxHocxefl Hi — 114 sanHcanbi xaK, Hxo6bi b hhx BejiHHHHa 
h Hxpajia pojib napaMexpa. ^jih OHHcaHHH rpy6oH xohojioxhh mbi npHBOflHM ocnaipeHHbie jyaa- 
rpaMMbi, xo ecxb xaKHe, b Koxopbix na Kaxc^oM pe6pe yKaoan axoM npoHcxoflHni,eH 6H4)ypKaLi;HH, 
a b Henycxbix KjiexKax flonojiHCHHa yKaoaHO kojihhccxbo xopoB JlHyBHjijia. 




6H4)ypKaii,HOHHbix flHarpaMM 


riojiHaa KjiaccHcJjHKapHH Bbixo/];HX 3a paMKH HacxoHrpeii cxaxbH, SBjiHHCb xexHHHecKH flo- 
BOJibHO rpoM03/],KOH sa^^aHCH, xoxH ajiropHXM ee pemcHHa H3BecxeH. CHHxaa, Kax h panee, napa- 
Mexpbi £Q,a 3a/],aHHbiMH, paccMoxpHM KpHBbie Ha hjiockocxh (ei, h), Koxopbie cjiyxcax o6pa3aMH 
BbipOJKflCHHblX XOHCK paHXa 0 H OKCXpCMajIbHblX 3HaHeHHH H Ha CeMeitCXBaX BbipOJKflCHHblX pe- 
HieHHH panra 1 |24| . IlojiyHeHHbie KpHBbie OKaabiBaioxcH pa3flejiHioiH,HM mhojkoctbom npn Kjiac- 
CHcJiHKapHH H303HepreTHHecKHX flHarpaMM. TaK, fljiH BOJiHKa B flBOHHOM nojie xaKHX flHarpaMM 
HOJiyHHJIOCb 19 (cm. m), a fljiH XHpocxaxa KoBajieBCKoft - Bxbh HMeexcH 33 flnarpaMMbi (cm. 
|26[ 128) . Bce HjuiiocxpapHH npHBefleHbi b o63ope [25]). Ha pnc. |4|-[5|npHBe/];eHbi npHMepbi ocna- 
meHHbix flHarpaMM, na Koxopbix bh^hbi Bce Hafl/ieHHbie Bbime HeBbipoJK^eHHbie KpHXHHecKHe 
xoHKH panra 0. EcxecxBeHHO, flnarpaMMbi b ii;ejioM CHMMexpHHHbi oxHOCHxejibHO och Ok. Th- 
Hbi 6H4)ypKaH;HH b ce;];jiOBbix oco6eHHOcx5ix panra 1 onpe^ejiHioxcH npe/];ejibHbiM nepexoflOM h 3 
3aflaHH o rnpocxaxe b ^bomhom nojie |13| . 

OxMexHM, Hxo npe/],cxaBHxejiH nap KjiaccoB ((5i3,5i4), {§ 22 ,^ 23 ), (< 531 , 534 ) n xpoiiKH KjiaccoB 
( 532 , 533 , 535 ) KaK XOHKH panra 0 na caMOM /];ejie He oxjiHnaioxcH: xonxy oflHoro h 3 xaxHX Kjiac- 
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Phc. 5: ripHMep ocHameHHOH 6H4)ypKaii,HOHHOH flHarpaMMbi c cjjparMeHTOM 


COB MOJKHO HenpepbiBHO nepcBecTH b pacninpcHHOM 4>a30B0M npocTpancTBe b TOHKy /i,pyroro 
Kjiacca, He nepeceKaa MHOJKecTBa BbipoJK/ieHHbix tohck panra 0. Ha pncyHKe (JjparivieHTa sapn- 
aHTbi pacnojioJKeHHH xoneK b OKBHBajieHTHBix no cyni,ecTBy flnarpaMMax yKasanti b CKo6Kax. B 
hjiockocth napaMexpoB (^, W) xanne Kjiaccbi pas^ejieHbi cjie/i,aMH xonex /i, / 2 , /s xpancBepcajib- 
Horo nepeceneHHH KpHBbix Ha HsooHeprexHnecKHX /inarpaMMax ohh pasjiHnaroxcH nopa^KOM 
npoeKpHH Bcero Ha6opa xonex, oxBeHaion],HX oxHOCHxejibHbiM paBHOBecHHM, na ocb Oi. rjio6ajib- 
Hoe xonojiorHHecKoe oxjiHHHe a^ecb b xom, hxo npn nepeceneHHH cooxsexcxByioipHX SHaneHHfi 
{i, h) npoHcxoflHX, KaK noKasano Bbime b xa6ji. 1, pasjiHHHbie GncjjypKapHH xpexMepHbix hso- 
OHeprexHHecKHX MHoroo6pa3HH npHBe/i;eHHbix cncxeM, a HSMenenHe nopH/i,Ka npoeKpHH Bjienex 
H3MeHeHHe naGopa xohkhx HHBapnaHXOB <l)oMeHKO - LI,HmaHra, oxBeHaion;HX (jsHKCHpoBaHHOMy 
3HaHeHHio aneprHH. 



Phc. 6: HpHMepbi /];HarpaMM CMeiijia- OoMeHKO 

PaccMaxpHBaa ceneHHH H303HeprexHHecKHX ocnaipeHHbix flHarpaMM npaMbiMH i = const, 
HOJiyHHM cooxBexcxByioni,He rpy6bie HHBapnaHXbi Oomchko na xpexMepHbix H303HeprexHHecKHX 
ypoBHHX ^ npHBe.i],eHHbix CHCxeM. OcHOBHbie npHMepbi xaxHX HHBapnanxoB mojkho H3BjieHb h 3 
npe/icxaBjieHHbix pncynKOB. hx hojihoh KjiaccH4)HKaii;HH nyjKHO na njiocKocxb (i, h) nanecxH 
B ^onojiHeHHe k ^HarpaMMaM CMeitjia KpHBbie, Koxopbie aBjiaioxca o6pa3aMH BbipoJK^eHHbix 
xoneK panra 1. H 3 npe/^noncenna [6l BaMenanna [2] h npefljioacenHH |9l [TT] cjie;];yK)x ypasnenHa 
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3THX KpHBMX: 


71 : 2i‘^ — a‘^{h + efa^) = 0, 

72 : - el{el + 2e\h) = 0, 

73 : Ah^- 27 eie = ^, 

74 : — 4:0^ = 0. 

IIojiyHeHHoe MHOJKecTBO HasbiBaioT 7;HarpaMMOH CMeftjia-OoMeHKO. 3Ta 7;HarpaMMa cjiyjKHT 
pasflejiaiomHM MHOJKecTBOM fljia pasjiHHHbix HHBapHaHXOB OoMeHKO - LI,HmaHra. OxMeTHM, hxo 
xenepb HHane o6xhchhmo h noHBjieHHe xohkh X na flHarpaMMax CMenjia - b neii cxoflaxca 7 ;Be 
nocjie^HHe pa37;ejiaiomHe KpHBbie. IlpHiviepbi 7 ,HarpaMM CivieHjia- (Domchko noKasanbi na pHC.[6j 

KjiaccHcJjHKapna Bcex ^narpaMM CMeftjia - OoMeHKO xatcace BOSMOxcna, ho xexHHHecKH cjiojk- 
Ha H BbixoflHX 3a paMKH HacxoHm;eH pa6oxbi. IlpHMep xaKoft KjiaccHcJjHKapHH (flJia cjiynaa Ko- 
BajieBCKoii - 5IxbH) HMeexca b pa6oxe |24| . 

Tenepb, Hcxo^a h3 rpy6oH xonojioxHH nexbipexMepHbix H303HeprexHHecKHX ypoBHeii, npe^;- 
cxaBjieHHOH ocHan];eHHbiMH H303HeprexHHecKHMH flnarpaMMaMH, ycxanaBjiMBaeM bh^ 4-axoMa (h, 
cooxBexcxBeHHO, KpyroBoii MOJieKyjibi) fljia Bcex xoneK panra 0 xnna “ce7;jio-ce/],Jio”, xo ecxb b xex 
cjiynaHX, r/];e xaKolt 4-axoM He onpe7;ejieH 0/i,H03HaHH0 xhhom caMoii xohkh. B flannoM cjiynae, 
HOJiynaeM axoM BxB ^jia xoneK (5i3,5i4, ^22) <^23 h axoM {BXC 2)/'^2 xonex e^HHcxBeHHoro 

Kjiacca 821 - 

B 3aKjiioHeHHe oxMexHM, hxo Bce nojiyneHHbie 3flecb pe3yjibxaxbi, b CHjiy 3KBHBajieHXHOcxH 
3a/i,aH, aBXOMaxHHecKH nepenocaxcH na Ba^any o BOJinxe KoBajieBCKOH na Koajire6pe so(3,1)*. 
B OHHcaHHH KpHXHHecKoro MHOJKecxBa oxo6pajKeHHH MOMeHxa HMeexca onpeflejieHHoe cooxBex- 
cxBHe c ypaBHeHHHMH fljia BOJiHKa KoBajieBCKoit na so(4)*, nojiyneHHbiMH b pa6oxe |10j . o^naKO, 
HocjieflHHe He npe^cxaBjieHbi b “HenpHBOflHMoli” cjjopMe CHCxeM, KOJiHHecxBO ypaBHeHHH b ko- 
xopbix coBnaflaex c panroM, h He hobbojihiox hbhbim o6pa30M BbiHHCjiaxb xhhbi kphxhhbckhx 
xoneK. 


9 Bjiaro^apHOCTH 

ABTopbi 6jiaro^ap3T npocjieccopa M.n. XapjiaMOBa aa nocT05?HHoe BKHManne k pa6oTe h u^eHHbie 
coBexbi, KacaiomnecH kqlk co^epxcaHHH, xax h Mexo^ojiorHn Hccjie^OBaHHH. 
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